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Practice Problems 

Chapter 1. Linear Functions 

1.1 Linear Systems in Three Variables [CC] 1. The first variable, x, is already isolated, so find the others by substitution:  5ሺ3ሻ + 4𝑦 = −9   Eq. 2 15 + 4𝑦 = −9   4𝑦 = −24  𝑦 = −6   −ሺ3ሻ + 4ሺ−6ሻ − 2𝑧 = −25 Eq. 3  −27 − 2𝑧 = −25  −2𝑧 = 2  𝑧 = −1   𝑥 = 3,𝑦 = −6, 𝑧 = −1 

2. 𝑥 + 3𝑦 + 𝑧 = 10  Eq. 1  −𝑥 − 𝑦 − 𝑧 = −2  Eq. 2 × –1  2𝑦 = 8  𝑦 = 4  We have already isolated y, so substitute:  ሺ4ሻ − 2𝑧 = 2  Eq. 3  −2𝑧 = −2  𝑧 = 1    𝑥 + ሺ4ሻ + ሺ1ሻ = 2  Eq. 2  𝑥 = −3   𝑥 = −3, 𝑦 = 4, 𝑧 = 1 3. 2𝑥 − 4𝑦 + 5𝑧 = −33 Eq. 1  −2𝑥 + 2𝑦 − 3𝑧 = 19 Eq. 3   −2𝑦 + 2𝑧 = −14   −𝑦 + 𝑧 = −7  Result A   4𝑥 − 𝑦 = −5  Eq. 2  −4𝑥 + 4𝑦 − 6𝑧 = 38 Eq. 3 × 2  3𝑦 − 6𝑧 = 33  Result B   −3𝑦 + 3𝑧 = −21  Result A × 3  3𝑦 − 6𝑧 = 33  Result B  −3𝑧 = 12  𝑧 = −4   −𝑦 + ሺ−4ሻ = −7  Result A  𝑦 = 3   4𝑥 − ሺ3ሻ = −5  Eq. 2  𝑥 = −ଵଶ   𝑥 = −ଵଶ ,𝑦 = 3, 𝑧 = −4 

4. 𝑥 − 2𝑦 + 3𝑧 = 7  Eq. 1  4𝑥 + 2𝑦 + 2𝑧 = 8 Eq. 2 × 2  5𝑥        + 5𝑧 = 15  𝑥 + 𝑧 = 3   Result A   𝑥 − 2𝑦 + 3𝑧 = 7  Eq. 1  −3𝑥 + 2𝑦 − 2𝑧 = −10 Eq. 3  −2𝑥      + 𝑧 = −3  Result B   2𝑥 + 2𝑧 = 6  Result A × 2  −2𝑥 + 𝑧 = −3  Result B  3𝑧 = 3  𝑧 = 1   𝑥 + ሺ1ሻ = 3  Result A  𝑥 = 2   2ሺ2ሻ + 𝑦 + ሺ1ሻ = 4 Eq. 2  𝑦 = −1    𝑥 = 2,𝑦 = −1, 𝑧 = 1 
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5. 𝑎𝑥ଶ + 𝑏𝑥 + 𝑐 = 𝑦  𝑎ሺ−1ሻଶ + 𝑏ሺ−1ሻ + 𝑐 = 9  𝑎ሺ2ሻଶ + 𝑏ሺ2ሻ + 𝑐 = 3  𝑎ሺ5ሻଶ + 𝑏ሺ5ሻ + 𝑐 = 15   𝑎 − 𝑏 + 𝑐 = 9  Eq. 1  4𝑎 + 2𝑏 + 𝑐 = 3  Eq. 2  25𝑎 + 5𝑏 + 𝑐 = 15 Eq. 3   𝑎 − 𝑏 + 𝑐 = 9  Eq. 1  −4𝑎 − 2𝑏 − 𝑐 = −3 Eq. 2 × –1  −3𝑎 − 3𝑏 = 6  𝑎 + 𝑏 = −2  Result A   𝑎 − 𝑏 + 𝑐 = 9  Eq. 1  −25𝑎 − 5𝑏 − 𝑐 = −15 Eq. 3 × –1  −24𝑎 − 6𝑏 = −6  4𝑎 + 𝑏 = 1  Result B   𝑎 + 𝑏 = −2  Result A  −4𝑎 − 𝑏 = −1  Result B × –1  −3𝑎 = −3  𝑎 = 1   (1) + 𝑏 = −2  Result A  𝑏 = −3   (1)− (−3) + 𝑐 = 9 Eq. 1  𝑐 = 5   𝑦 = 𝑥ଶ − 3𝑥 + 5 

6. 𝑎𝑥ଶ + 𝑏𝑥 + 𝑐 = 𝑦  𝑎(−1)ଶ + 𝑏(−1) + 𝑐 = −2  𝑎(1)ଶ + 𝑏(1) + 𝑐 = 0  𝑎(2)ଶ + 𝑏(2) + 𝑐 = 7   𝑎 − 𝑏 + 𝑐 = −2  Eq. 1  𝑎 + 𝑏 + 𝑐 = 0  Eq. 2  4𝑎 + 2𝑏 + 𝑐 = 7  Eq. 3   𝑎 − 𝑏 + 𝑐 = −2  Eq. 1  −𝑎 − 𝑏 − 𝑐 = 0  Eq. 2 × –1  −2𝑏 = −2  𝑏 = 1     𝑎 − (1) + 𝑐 = −2  Eq. 1  𝑎 + 𝑐 = −1  Result A   4𝑎 + 2(1) + 𝑐 = 7 Eq. 3  4𝑎 + 𝑐 = 5  Result B   𝑎 + 𝑐 = −1  Result A  −4𝑎 − 𝑐 = −5  Result B × –1  −3𝑎 = −6  𝑎 = 2    (2)− (1) + 𝑐 = −2 Eq. 1  𝑐 = −3   𝑦 = 2𝑥ଶ + 𝑥 − 3 
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Chapter 2. Irrational Expressions 

2.1 Operations with Square Roots [CC] 1. 5√3 + √3 = 6√3 2. 3√3 + 2√3 = 5√3 3. 4√3 − 2√3 = 2√3 4. 5√6 + 2√6 = 7√6 5. 3√2 + 2√2 = 5√2 6. 5√2 − 4√2 = √2 7. 6√2 − 3√2 = 3√2 8. 10√2 − √2 = 9√2 9. 5√7 + 6√7 = 11√7 10. 30√2 + 6√2 = 36√2 11. 5 − 2√3 + 3√3 + 6 = 11 + √3 12. 𝑦√3 − 4√2 − 3𝑦√3 = −2𝑦√3 − 4√2 13. √90 = 3√10 14. √3600 − √144 = 60 − 12 = 48 15. 6√100 − 21√20 = 60 − 42√5 16. 3√98 + 12√392 = 21√2 + 168√2 =189√2  17. 9 − 5 = 4 18. 5√2 − 20 + 2 − 4√2 = −18 + √2 19. 10√18𝑥଻ = 10√9𝑥଺√2𝑥 = 30𝑥ଷ√2𝑥 20. 15ඥ2𝑥଺𝑦ଶ = 15𝑥ଷ𝑦√2 21. 9𝑥 − 18√𝑥 + 9 22. 𝑐ଶ = ൫𝑥 + √2൯ଶ + ൫𝑥 − √2൯ଶ   𝑐ଶ = 𝑥ଶ + 2𝑥√2 + 2 + 𝑥ଶ − 2𝑥√2 + 2   𝑐ଶ = 2𝑥ଶ + 4   𝑐 = √2𝑥ଶ + 4  23. √13 24. √ଶ଼ଶ  = ଶ√଻ଶ  = √7  25. 5√50 = 25√2 26. ଵହ√ଷ ା ଷ√ଷଷ  = ଵ଼√ଷଷ  = 6√3  
27. ସ√ଷ ି ଵହ√ଷ ା ଵ଴√ଷ√ଷ  = ି√ଷ√ଷ  = −1 28. ଷ√ଷ ା ହ√ଷଶ√ଷ  = ଼√ଷଶ√ଷ = 4 
29. ଵ଺√ଶଵଶ√଻  −5√12 = 8√3 − 10√3 = −2√3 30. ඥ18𝑥ସ𝑦ଷ = 3𝑥ଶ𝑦ඥ2𝑦 
2.2 Rationalize Monomial Denominators [CC] 

1. ଷ√଻ ቀ√଻√଻ቁ = ଷ√଻଻  2. ଶ√ଶ ቀ√ଶ√ଶቁ = ଶ√ଶଶ  = √2 
3. ଷ√ହଶ√ଵ଴ ቀ√ଵ଴√ଵ଴ቁ = ଷ√ହ଴ଶ ∙ ଵ଴ = ଵହ√ଶଶ଴  = ଷ√ଶସ  4. ଷ ି √଼√ଷ ቀ√ଷ√ଷቁ = ଷ√ଷ ି √ଶସଷ  = ଷ√ଷ ି ଶ√଺ଷ  
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5. ଶ√ଷ × √ଶହ  = ଶ√ଶହ√ଷ ቀ√ଷ√ଷቁ = ଶ√଺ଵହ  6. భ√ఱ ା భ√ఱ√ହ  = మ√ఱ√ହ ቀ√ହ√ହቁ = ଶହ 
2.3 Rationalize Binomial Denominators 

1. √ହ଻ି√ହ ቀ଻ ା √ହ଻ ା √ହቁ = ଻√ହ ା ହସଽ ି ହ  = ଻√ହ ା ହସସ  2. ଵଷ ି √଻ ቀଷ ା √଻ଷ ା √଻ቁ = ଷ ା √଻ଽ ି ଻  = ଷ ା √଻ଶ  
3. ହସ ି √ଵଵ ቀସ ା √ଵଵସ ା √ଵଵቁ = ଶ଴ ା ହ√ଵଵଵ଺ ି ଵଵ  = ଶ଴ ା ହ√ଵଵହ  = 4 + √11 4. ସହ ି √ଵଷ ቀହ ା √ଵଷହ ା √ଵଷቁ = ଶ଴ ା ସ√ଵଷଶହ ି ଵଷ  = ଶ଴ ା ସ√ଵଷଵଶ  = ହ ା √ଵଷଷ  
5. √ଶ√ଵସ ା ସ ቀ√ଵସ ି ସ√ଵସ ି ସቁ = √ଶ଼ ି ସ√ଶଵସ ି ଵ଺  = ଶ√଻ ି ସ√ଶିଶ  = −√7 + 2√2 6. √ଷ√ଷ ା ହ ቀ√ଷ ି ହ√ଷ ି ହቁ = ଷ ି ହ√ଷଷ ି ଶହ  = ଷ ି ହ√ଷିଶଶ  = −ଷ ି ହ√ଷଶଶ  
7. ଶ ି √ଶଶ ା √ଶ ቀଶ ି √ଶଶ ି √ଶቁ = ସ ି ସ√ଶ ା ଶସ ି ଶ  = ଺ ି ସ√ଶଶ  = 3 − 2√2 8. √ଷ ା ହ√ଷ ି ହ ቀ√ଷ ା ହ√ଷ ା ହቁ = ଷ ା ଵ଴√ଷ ା ଶହଷ ି ଶହ  = ଶ଼ ା ଵ଴√ଷିଶଶ  = −ଵସ ା ହ√ଷଵଵ  
9. √଺ ା ଼√ଶ ା √ଷ ቀ√ଶ ି √ଷ√ଶ ି √ଷቁ = √ଵଶ ି √ଵ଼ ା ଼√ଶ ି ଼√ଷଶ ି ଷ  = ଶ√ଷ ି ଷ√ଶ ା ଼√ଶ ି ଼√ଷିଵ  =  −൫5√2 − 6√3൯ = 6√3 − 5√2 

10. √௫௬√௫ ି √௬ ቀ√௫ ା √௬√௫ ା √௬ቁ = ௫√௬ ା ௬√௫௫ ି ௬  
11. 𝐴 = 𝑙𝑤  2 = ൫√5 − 1൯𝑤  𝑤 = ଶ√ହ ି ଵ 𝑤 = ଶ√ହ ି ଵ ቀ√ହ ା ଵ√ହ ା ଵቁ = ଶ√ହ ା ଶସ  = √ହ ା ଵଶ   

12. 𝐴 = ଵଶ 𝑏ℎ  8 + 12√2 = ଵଶ ൫6 + 2√2൯ℎ  8 + 12√2 = ൫3 + √2൯ℎ  ℎ = ଼ ା ଵଶ√ଶଷ ା √ଶ  ℎ = ଼ ା ଵଶ√ଶଷ ା √ଶ ቀଷ ି √ଶଷ ି √ଶቁ = ଶସ ା ଶ଼√ଶ ି ଶସଽ ି ଶ  = ଶ଼√ଶ଻  = 4√2      
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Chapter 3. Quadratic Functions 

3.1 Factor a Trinomial by Grouping 1. 6𝑥ଶ + 𝑥 − 2 =  6𝑥ଶ − 3𝑥 + 4𝑥 − 2 =   3𝑥(2𝑥 − 1) + 2(2𝑥 − 1) =   (3𝑥 + 2)(2𝑥 − 1) 
2. 12𝑥ଶ + 5𝑥 − 2 =   12𝑥ଶ − 3𝑥 + 8𝑥 − 2 =   3𝑥(4𝑥 − 1) + 2(4𝑥 − 1) =   (3𝑥 + 2)(4𝑥 − 1) 3. 12𝑥ଶ − 29𝑥 + 15 =   12𝑥ଶ − 9𝑥 − 20𝑥 + 15 =   3𝑥(4𝑥 − 3)− 5(4𝑥 − 3) =   (3𝑥 − 5)(4𝑥 − 3) 
4. 6𝑥ଶ − 11𝑥 + 4 =   6𝑥ଶ − 3𝑥 − 8𝑥 + 4 =   3𝑥(2𝑥 − 1)− 4(2𝑥 − 1) =   (3𝑥 − 4)(2𝑥 − 1) 5. 15𝑥ଶ + 14𝑥 − 8 =   15𝑥ଶ + 20𝑥 − 6𝑥 − 8 =   5𝑥(3𝑥 + 4)− 2(3𝑥 + 4) =   (5𝑥 − 2)(3𝑥 + 4) 
6. −10𝑥ଶ − 29𝑥 − 10 =   −10𝑥ଶ − 25𝑥 − 4𝑥 − 10 =   −5𝑥(2𝑥 + 5)− 2(2𝑥 + 5) =   (−5𝑥 − 2)(2𝑥 + 5) 7. 4𝑥ଶ + 12𝑥 + 9 =   4𝑥ଶ + 6𝑥 + 6𝑥 + 9 =   2𝑥(2𝑥 + 3) + 3(2𝑥 + 3) =   (2𝑥 + 3)(2𝑥 + 3)  The square root is 2𝑥 + 3. 
8. First, write in standard form:  6𝑥ଶ − 57𝑥 − 30 =   6𝑥ଶ − 60𝑥 + 3𝑥 − 30 =   6𝑥(𝑥 − 10) + 3(𝑥 − 10) =   (6𝑥 + 3)(𝑥 − 10) 9. 2𝑥ଶ + 4𝑥 − 3𝑥 − 6 =   2𝑥(𝑥 + 2)− 3(𝑥 + 2) =   (2𝑥 − 3)(𝑥 + 2)  So, (2𝑥 − 3) 

3.2 Solve Quadratics with 𝒂 ≠ 𝟏 1. 10𝑥ଶ + 9𝑥 + 2 = 0  𝑛ଶ + 9𝑛 + 20 = 0  (𝑛 + 5)(𝑛 + 4) = 0  𝑛 = −5   or   𝑛 = −4  𝑥 = − ହଵ଴   or   𝑥 = − ସଵ଴   ቄ− ଵଶ ,−ଶହቅ 
2. 2𝑥ଶ − 3𝑥 − 2 = 0  𝑛ଶ − 3𝑛 − 4 = 0  (𝑛 + 1)(𝑛 − 4) = 0  𝑛 = −1   or   𝑛 = 4  𝑥 = −ଵଶ   or   𝑥 = ସଶ  ቄ− ଵଶ , 2ቅ 3. 12𝑥ଶ + 29𝑥 + 15 = 0   𝑛ଶ + 29𝑛 + 180 = 0  (𝑛 + 20)(𝑛 + 9) = 0  𝑛 = −20   or   𝑛 = −9  𝑥 = −ଶ଴ଵଶ   or   𝑥 = − ଽଵଶ  ቄ− ହଷ ,−ଷସቅ 
4. 4𝑥ଶ + 109𝑥 + 225 = 0  𝑛ଶ + 109𝑛 + 900 = 0  (𝑛 + 100)(𝑛 + 9) = 0  𝑛 = −100   or   𝑛 = −9  𝑥 = −ଵ଴଴ସ    or   𝑥 = − ଽସ  ቄ−25,− ଽସቅ 
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5. 𝑎𝑐 = 20 and 𝑏 = 9, so use 5 and 4  10𝑥ଶ + 5𝑥 + 4𝑥 + 2 = 0  5𝑥(2𝑥 + 1) + 2(2𝑥 + 1) = 0  (5𝑥 + 2)(2𝑥 + 1) = 0  5𝑥 + 2 = 0 2𝑥 + 1 = 0  𝑥 = −ଶହ  𝑥 = −ଵଶ  ቄ− ଵଶ ,−ଶହቅ   

6.   𝑎𝑐 = 24 and 𝑏 = −14; use −12 and −2  3𝑥ଶ − 12𝑥 − 2𝑥 + 8 = 0  3𝑥(𝑥 − 4)− 2(𝑥 − 4) = 0  (3𝑥 − 2)(𝑥 − 4) = 0  3𝑥 − 2 = 0 𝑥 − 4 = 0  𝑥 = ଶଷ  𝑥 = 4  ቄଶଷ , 4ቅ  7. 𝑎𝑐 = −4 and 𝑏 = −3, so use −4 and 1  2𝑥ଶ − 4𝑥 + 𝑥 − 2 = 0  2𝑥(𝑥 − 2) + 1(𝑥 − 2) = 0  (2𝑥 + 1)(𝑥 − 2) = 0  2𝑥 + 1 = 0 𝑥 − 2 = 0  𝑥 = −ଵଶ  𝑥 = 2  ቄ− ଵଶ , 2ቅ 

8. 4𝑥(𝑥 − 1) = 15  4𝑥ଶ − 4𝑥 = 15  4𝑥ଶ − 4𝑥 − 15 = 0  𝑎𝑐 = −60 and 𝑏 = −4; use 6 and −10  4𝑥ଶ + 6𝑥 − 10𝑥 − 15 = 0  2𝑥(2𝑥 + 3)− 5(2𝑥 + 3) = 0  (2𝑥 − 5)(2𝑥 + 3) = 0  2𝑥 − 5 = 0 2𝑥 + 3 = 0  𝑥 = ହଶ  𝑥 = −ଷଶ  ቄ− ଷଶ , ହଶቅ  9. 4𝑥ଶ + 8𝑥 − 12 = 0  𝑥ଶ + 2𝑥 − 3 = 0  𝑥ଶ + 2𝑥 = 3 ቀ௕ଶቁଶ = ቀଶଶቁଶ = 1  𝑥ଶ + 2𝑥 + 1 = 3 + 1  (𝑥 + 1)ଶ = 4  𝑥 + 1 = ±√4 = ±2  𝑥 = −1 ± 2  {−3, 1} 

10. 3𝑥ଶ − 18𝑥 − 21 = 0  𝑥ଶ − 6𝑥 − 7 = 0  𝑥ଶ − 6𝑥 = 7 ቀ௕ଶቁଶ = ቀ− ଺ଶቁଶ = 9  𝑥ଶ − 6𝑥 + 9 = 7 + 9  (𝑥 − 3)ଶ = 16  𝑥 − 3 = ±√16 = ±4  𝑥 = 3 ± 4  {−1, 7} 11. 4𝑥ଶ + 8𝑥 = 45  𝑥ଶ + 2𝑥 = ସହସ  ቀ௕ଶቁଶ = ቀଶଶቁଶ = 1  𝑥ଶ + 2𝑥 + 1 = ସହସ + ସସ  (𝑥 + 1)ଶ = ସଽସ   𝑥 + 1 = ±ටସଽସ = ± ଻ଶ  𝑥 = −1 ± ଻ଶ = −ଶଶ ± ଻ଶ  ቄ− ଽଶ , ହଶቅ  

12. 3𝑥ଶ − 12𝑥 + 2 = 0  𝑥ଶ − 4𝑥 + ଶଷ = 0  𝑥ଶ − 4𝑥 = −ଶଷ ቀ௕ଶቁଶ = ቀ− ସଶቁଶ = 4  𝑥ଶ − 4𝑥 + 4 = −ଶଷ + ଵଶଷ   (𝑥 − 2)ଶ = ଵ଴ଷ   𝑥 − 2 = ±ටଵ଴ଷ = ± √ଷ଴ଷ   𝑥 = 2 ± √ଷ଴ଷ   ቄ2 − √ଷ଴ଷ , 2 + √ଷ଴ଷ ቅ 
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13. 𝑥 = ିଽ ± ඥଽమ ି ସ(ଵ଴)(ଶ)ଶ(ଵ଴)   𝑥 = ିଽ ± √ଵଶ଴  = ିଽ ± ଵଶ଴    ቄ− ଵଶ ,−ଶହቅ 
14. 𝑥 = ିସ ± ඥସమ ି ସ(ିଷ)(ିଵ)ଶ(ିଷ)   𝑥 = ିସ ± √ସି଺  = ିସ ± ଶି଺    ቄ13 , 1ቅ 

15. 𝑥 = ି଼ ± ඥ଼మ ି ସ(ସ)(ିଽ)ଶ(ସ)  𝑥 = ି଼ ± √ଶ଴଼଼  = ି଼ ± ସ√ଵଷ଼  = −1 ± √ଵଷଶ   ቄ−1 − √ଵଷଶ ,−1 + √ଵଷଶ ቅ 
16. 𝑥 = ଵଶ ± ඥ(ିଵଶ)మ ି ସ(ଷ)(ଶ)ଶ(ଷ)  𝑥 = ଵଶ ± √ଵଶ଴଺  = ଵଶ ± ଶ√ଷ଴଺  = 2 ± √ଷ଴ଷ   ቄ2 − √ଷ଴ଷ , 2 + √ଷ଴ଷ ቅ 

3.3 Graphs of Quadratic Functions 

1. 𝑥 = ି(ି଼)ଶ(ିଶ)  = −2 𝑦 = −2(−2)ଶ − 8(−2) + 3 = 11  𝑥 = −2 and (−2,11) 
2. 𝑥 = ି(ିଶ)ଶ(ିଵ)  = −1  𝑦 = −(−1)ଶ − 2(−1) + 1 = 2   𝑥 = −1 and (−1,2) 3. For a parabola opening down, the maximum value is at the vertex.  𝑥 = ି଺ଶ(ିଷ) = 1   𝑦 = −3(1)ଶ + 6(1)− 2 = 1  Maximum is 1 
4. For a parabola opening up, the minimum value is at the vertex.  𝑥 = ି(ିଶ଴)ଶ(ହ)  = 2   𝑦 = 5(2)ଶ − 20(2) + 14 = −6  Minimum is –6 5. 

  

6.   
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7.  

  

8.  

  
3.4 Vertex Form and Transformations 1. (3) 2. 𝑎 = 1  ℎ = − ௕ଶ௔ = −3  𝑘 = (−3)ଶ + 6(−3) + 10 = 1  𝑦 = (𝑥 + 3)ଶ + 1   vertex: (–3,1)  

3. 𝑦 = 𝑥ଶ + 10𝑥 + 21  𝑦 − 21 = 𝑥ଶ + 10𝑥  ቀ௕ଶቁଶ = ቀଵ଴ଶ ቁଶ = 25  𝑦 + 4 = 𝑥ଶ + 10𝑥 + 25  𝑦 + 4 = (𝑥 + 5)ଶ  𝑦 = (𝑥 + 5)ଶ − 4  vertex: (–5,–4)  4. 𝑦 = (𝑥 + 5)ଶ + 3  𝑦 = (𝑥 + 5)(𝑥 + 5) + 3  𝑦 = 𝑥ଶ + 10𝑥 + 25 + 3  𝑦 = 𝑥ଶ + 10𝑥 + 28 
5. 𝑦 = −2(𝑥 − 4)ଶ − 5  𝑦 = −2(𝑥 − 4)(𝑥 − 4) − 5  𝑦 = −2(𝑥ଶ − 8𝑥 + 16)− 5  𝑦 = −2𝑥ଶ + 16𝑥 − 32 − 5  𝑦 = −2𝑥ଶ + 16𝑥 − 37 

3.5 Focus and Directrix [CC] 1. Vertex is (2,−4) 𝑝 = ଵସ௔ = ଵସ ÷ ଵଵ଺ = 4  Since 𝑝 > 0, the directrix is below the vertex.  Directrix is 𝑦 = −4 − 4 = −8 
2. ℎ = 0 and 𝑘 = ଷ ା ହଶ  = 4  𝑝 = 3 − 4 = −1  𝑎 = ଵସ௣ = −ଵସ  𝑦 = −ଵସ 𝑥ଶ + 4 
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3. ℎ = 4 and 𝑘 = ଶ ି ସଶ  = −1  𝑝 = 2 − (−1) = 3  𝑎 = ଵସ௣ = ଵଵଶ  𝑦 = ଵଵଶ (𝑥 − 4)ଶ − 1 
4. 𝑥ଶ + 6𝑥 = −4𝑦 − 5  𝑥ଶ + 6𝑥 + 9 = −4𝑦 − 5 + 9  (𝑥 + 3)ଶ = −4𝑦 + 4  (𝑥 + 3)ଶ − 4 = −4𝑦  𝑦 = −ଵସ (𝑥 + 3)ଶ + 1  Vertex is (−3,1) 𝑝 = ଵସ௔ = ଵସ ÷ ቀ− ଵସቁ = −1   Since 𝑝 < 0, the focus is 1 unit below the vertex, at (−3,0), and the directrix is 1 unit above the vertex, at 𝑦 = 2. 5. Vertex is (−1,2).  𝑝 = 8 ÷ 4 = 2 The equation of the directrix is   𝑦 = 𝑘 − 𝑝, so 𝑦 = 2 − 2, or 𝑦 = 0 
6. Vertex is (−3,1)  𝑝 = −20 ÷ 4 = −5 The equation of the directrix is  𝑦 = 𝑘 − 𝑝, or 𝑦 = 6. 7. 𝑝 = 1 − (−3) = 4  (𝑥 − 2)ଶ = 16(𝑦 − 1) 8. Vertex is (2,1).  4𝑝 = 2, so 𝑝 = ଵଶ.  Focus is ଵଶ unit above the vertex, at ቀ2, ଷଶቁ.  Directrix is 𝑦 = 𝑘 − 𝑝, or 𝑦 = ଵଶ.      
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Chapter 4. Imaginary Numbers 

4.1 Set of Complex Numbers 1. √−25 = √25√−1 = 5𝑖 2. √100√−1√3 = 10𝑖√3 3. 2 + √−12 = 2 + √4√−1√3 =  2 + 2𝑖√3 4. −8 + ଷସ √16√−1√5 = −8 + 3𝑖√5 
5. √36√𝑥ଵ଺√−1√5 = 6𝑥଼𝑖√5 6. (3𝑖)ଷ = (3ଷ)(𝑖ଷ) = 27(−𝑖) = −27𝑖 7. (2𝑖)ସ = (2ସ)(𝑖ସ) = 16(1) = 16 8. (−3)ଷ𝑖ଵ଴ = (−27)(−1) = 27 
4.2 Operations with Complex Numbers 1. 8 − 2𝑖 2. (3 + 2𝑖)(2 − 𝑖) =  6 − 3𝑖 + 4𝑖 − 2(−1) =  8 + 𝑖  3. (3 − 7𝑖)(3 − 7𝑖) =  9 − 21𝑖 − 21𝑖 + 49(−1) =  −40 − 42𝑖  4. ൫2√2 + 5𝑖൯൫5√2 − 2𝑖൯ =  20 − 4𝑖√2 + 25𝑖√2 − 10(−1) =   30 + 21𝑖√2  5. (−1 + 𝑖)(−1 + 𝑖)(−1 + 𝑖) =  (1 − 𝑖 − 𝑖 − 1)(−1 + 𝑖) =   (−2𝑖)(−1 + 𝑖) =  2𝑖 − 2(−1) =  2 + 2𝑖  

6. (3𝑖)(2𝑖)ଶ(2 + 𝑖) =  (3𝑖)(−4)(2 + 𝑖) =   (−12𝑖)(2 + 𝑖) =  −24𝑖 − 12(−1) =   12 − 24𝑖  7. (𝑥 + 𝑖)(𝑥 + 𝑖) − (𝑥 − 𝑖)(𝑥 − 𝑖) =  (𝑥ଶ + 2𝑥𝑖 − 1)− (𝑥ଶ − 2𝑥𝑖 − 1) =  4𝑥𝑖  8. 2𝑥𝑖(𝑖 − 4𝑖ଶ) =  2𝑥𝑖(𝑖 + 4) =   −2𝑥 + 8𝑥𝑖  9. 3𝑥ଶ + 48 = 3(𝑥ଶ + 16) =  3(𝑥 + 4𝑖)(𝑥 − 4𝑖) 10. −9𝑥ଶ − 81 = −9(𝑥ଶ + 9) =  −9(𝑥 + 3𝑖)(𝑥 − 3𝑖) 
4.3 Imaginary Roots 1. 𝑥 = ±√−25 = ±√25√−1 = ±5𝑖  {−5𝑖, 5𝑖} 2. 𝑥 = ±√−16 = ±√16√−1 = ±4𝑖  {−4𝑖, 4𝑖} 3. 𝑥ଶ = ଷଶ (−18) = −27  𝑥 = ±√−27 = ±3𝑖√3  ൛−3𝑖√3, 3𝑖√3ൟ 

4. 𝑥 + 2 = ±√−9  𝑥 + 2 = ±3𝑖  𝑥 = −2 ± 3𝑖 
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5. 𝑥ଶ − 12𝑥 = −40  𝑥ଶ − 12𝑥 + 36 = −40 + 36  (𝑥 − 6)ଶ = −4  𝑥 − 6 = ±√−4  𝑥 = 6 ± 2𝑖 
6. 𝑥ଶ + 8𝑥 = −25  𝑥ଶ + 8𝑥 + 16 = −25 + 16  (𝑥 + 4)ଶ = −9  𝑥 + 4 = ±√−9  𝑥 = −4 ± 3𝑖 7. 𝑥ଶ − 4𝑥 = −9  𝑥ଶ − 4𝑥 + 4 = −9 + 4  (𝑥 − 2)ଶ = −5  𝑥 − 2 = ±√−5  𝑥 = 2 ± 𝑖√5 
8. 𝑛ଶ + 6𝑛 + 12 = 0  𝑛ଶ + 6𝑛 = −12  𝑛ଶ + 6𝑛 + 9 = −12 + 9  (𝑛 + 3)ଶ = −3  𝑛 + 3 = ±√−3 = ±𝑖√3  𝑛 = −3 ± 𝑖√3  𝑥 = −1 ± ௜√ଷଷ   

9. ି(ିଷ) ±ඥ(ିଷ)మ ି ସ(ଵ)(଻)ଶ(ଵ)  = ଷ ±√ିଵଽଶ  = ଷଶ ± ௜√ଵଽଶ  10. ି(ିଵଶ) ±ඥ(ିଵଶ)మ ି ସ(ସ)(ଶହ)ଶ(ସ)  = ଵଶ ±√ିଶହ଺଼  = ଵଶ ±ଵ଺௜଼  = ଷଶ ± 2𝑖 11. 3𝑥ଶ − 4𝑥 + 5 = 0  ି(ିସ) ±ඥ(ିସ)మ ି ସ(ଷ)(ହ)ଶ(ଷ)  = ସ ±√ିସସ଺  = ସ ±ଶ௜√ଵଵ଺  = ଶଷ ± ௜√ଵଵଷ  
12. −3𝑥ଶ + 2𝑥 − 2 = 0  ି(ଶ) ±ඥ(ଶ)మ ି ସ(ିଷ)(ିଶ)ଶ(ିଷ)  = ିଶ ±√ିଶ଴ି଺  = ିଶ ±ଶ௜√ହି଺  = ଵଷ ± ௜√ହଷ  13. −2 − 3𝑖 (its conjugate) 14. (𝑎 + 𝑏𝑖)(𝑎 − 𝑏𝑖)  = 𝑎ଶ − 𝑎𝑏𝑖 + 𝑎𝑏𝑖 − (𝑏𝑖)ଶ  = 𝑎ଶ + 𝑏ଶ 15. The roots are 1 − 2𝑖√2 and 1 + 2𝑖√2.  ቀ𝑥 − ൫1 − 2𝑖√2൯ቁ ቀ𝑥 − ൫1 + 2𝑖√2൯ቁ = 0  ቀ(𝑥 − 1) + 2𝑖√2ቁ ቀ(𝑥 − 1)− 2𝑖√2ቁ = 0  (𝑥 − 1)ଶ − ൫2𝑖√2൯ଶ = 0  (𝑥ଶ − 2𝑥 + 1)− (−8) = 0  𝑥ଶ − 2𝑥 + 9 = 0  𝑓(𝑥) = 𝑥ଶ − 2𝑥 + 9    
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Chapter 5. Circles 

5.1 Equations of Circles 1. Center is (5,−2); radius is √36 = 6. 2. Divide the equation by 3:  (𝑥 + 1)ଶ + 𝑦ଶ = 9  Center is (−1, 0) and radius is √9 = 3. 3. (𝑥 + 8)ଶ + (𝑦 − 6)ଶ = 25 4. Circle B has its center at (0,−5), so the center of circle A is (2,−2). 5. 𝑥ଶ − 6𝑥 + 𝑦ଶ + 14𝑦 + 42 = 0   𝑥ଶ − 6𝑥 + 𝑦ଶ + 14𝑦 = −42   (𝑥ଶ − 6𝑥 + 9) + (𝑦ଶ + 14𝑦 + 49) =      −42 + 9 + 49   (𝑥 − 3)ଶ + (𝑦 + 7)ଶ = 16   Center is (3,−7), radius is √16 = 4. 
6. Divide by 2:  𝑥ଶ + 2𝑥 + 𝑦ଶ − 10𝑦 − 23 = 0  𝑥ଶ + 2𝑥 + 𝑦ଶ − 10𝑦 = 23  (𝑥ଶ + 2𝑥 + 1) + (𝑦ଶ − 10𝑦 + 25) =      23 + 1 + 25   (𝑥 + 1)ଶ + (𝑦 − 5)ଶ = 49  Center is (−1,5), radius is √49 = 7. 7.  

 

8.  

 
5.2 Circle-Linear Systems 1. 𝑥ଶ + (−𝑥)ଶ = 36  𝑥ଶ + 𝑥ଶ = 36  2𝑥ଶ = 36  𝑥ଶ = 18  𝑥 = ±√18 = ±3√2  For 𝑥 = 3√2, 𝑦 = −3√2  For 𝑥 = −3√2, 𝑦 = 3√2  ൫3√2,−3√2൯ and ൫−3√2, 3√2൯ 

2. (𝑥 − 1)ଶ + (3𝑥)ଶ = 9  𝑥ଶ − 2𝑥 + 1 + 9𝑥ଶ = 9  10𝑥ଶ − 2𝑥 − 8 = 0  5𝑥ଶ − 𝑥 − 4 = 0  𝑥 = ଵ ±ඥ(ିଵ)మ ି ସ(ହ)(ିସ)ଶ(ହ)  = ଵ ± ଽଵ଴   𝑥 = {1,−0.8}  𝑦 = 3(1) = 3  𝑦 = 3(−0.8) = −2.4  (1,3) and (−0.8,−2.4) 
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3. 𝑥ଶ + (−𝑥 + 2)ଶ = 16  𝑥ଶ + 𝑥ଶ − 4𝑥 + 4 = 16  2𝑥ଶ − 4𝑥 = 12  𝑥ଶ − 2𝑥 = 6  𝑥ଶ − 2𝑥 + 1 = 6 + 1  (𝑥 − 1)ଶ = 7  𝑥 − 1 = ±√7  𝑥 = 1 ± √7  𝑦 = −൫1 + √7൯ + 2 = 1 − √7  𝑦 = −൫1 − √7൯ + 2 = 1 + √7  ൫1 + √7, 1 − √7൯ and  ൫1 − √7, 1 + √7൯ 

4. (𝑥 + 2)ଶ + (2𝑥 − 5 − 1)ଶ = 25  (𝑥 + 2)ଶ + (2𝑥 − 6)ଶ = 25  𝑥ଶ + 4𝑥 + 4 + 4𝑥ଶ − 24𝑥 + 36 = 25  5𝑥ଶ − 20𝑥 + 15 = 0  𝑥ଶ − 4𝑥 + 3 = 0  (𝑥 − 3)(𝑥 − 1) = 0  𝑥 = {3,1}  𝑦 = 2(3)− 5 = 1  𝑦 = 2(1)− 5 = −3  (3, 1) and (1,−3) 
5. (𝑥 − 2)ଶ + ቀଵଶ 𝑥 − 4ቁଶ = 9  𝑥ଶ − 4𝑥 + 4 + ଵସ 𝑥ଶ − 4𝑥 + 16 = 9  ହସ 𝑥ଶ − 8𝑥 + 11 = 0  5𝑥ଶ − 32𝑥 + 44 = 0  multiply by 4  𝑛ଶ − 32𝑛 + 220 = 0  (𝑛 − 22)(𝑛 − 10) = 0  𝑛 = 22   or   𝑛 = 10  𝑥 = ଶଶହ = 4.4   or    𝑥 = ଵ଴ହ = 2  𝑦 = ଵଶ (4.4) = 2.2  𝑦 = ଵଶ (2) = 1  (4.4, 2.2) and (2, 1) 

6. −3𝑦 − 6 = 6𝑥  𝑦 + 2 = −2𝑥 divide by –3  𝑦 = −2𝑥 − 2  (𝑥 − 4)ଶ + (−2𝑥 − 2)ଶ = 20  𝑥ଶ − 8𝑥 + 16 + 4𝑥ଶ + 8𝑥 + 4 = 20  5𝑥ଶ = 0  𝑥 = 0  𝑦 = −2(0)− 2 = −2  (0,−2) one point of intersection:  the line is tangent to the circle 

  7. 𝑥ଶ + (𝑥 − 6)ଶ = 16  𝑥ଶ + 𝑥ଶ − 12𝑥 + 36 = 16  2𝑥ଶ − 12𝑥 + 20 = 0  𝑥ଶ − 6𝑥 + 10 = 0     𝑥ଶ − 6𝑥 = −10  𝑥ଶ − 6𝑥 + 9 = −10 + 9  (𝑥 − 3)ଶ = −1  𝑥 − 3 = ±√−1  𝑥 = 3 ± 𝑖  
No real solutions, so the line and circle do not intersect. 
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Chapter 6. Polynomial Functions 

6.1 Operations with Functions 1. a) 𝑠(𝑥) = 13𝑥 − 4  b) 𝑝(𝑥) = 36𝑥ଶ − 11𝑥 − 5 2. a) 𝑑(𝑥) = 3𝑥ଶ + 9𝑥   b) 𝑞(𝑥) = 𝑥 + 4  3. a) 2𝑥 + 6√3  b) 10𝑥√3 + 15  c) ଶ௫ ା √ଷହ√ଷ ቀ√ଷ√ଷቁ = ଶ௫√ଷ ା ଷଵହ  4. a) ℎ(𝑥) = 2(𝑥ଶ − 1)− 4(2𝑥 + 4) + 8   ℎ(𝑥) = 2𝑥ଶ − 2 − 8𝑥 − 16 + 8   ℎ(𝑥) = 2𝑥ଶ − 8𝑥 − 10  b) 2𝑥ଶ − 8𝑥 − 10 = 0   𝑥ଶ − 4𝑥 − 5 = 0   (𝑥 + 1)(𝑥 − 5) = 0   {−1, 5} 5. a) 𝑃(𝑥) = 6𝑥 − 170   b) 6𝑥 − 170 > 0   6𝑥 > 170   𝑥 > 28.33   Need to sell 29 headphones. 
6.2 Long Division 1.   

( )

( )

22
5 21 5 3 25 52 22 20

x
x x x

x x

x
x

−
+ + −

− +

− −
− − −

 2.    
( )

( )

22
23 1 3 5 13 6 16 23

x
x x x

x x

x
x

−
+ − +

− +

− +
− − −

 

 Answer: 𝑥 − 2 + ଷଷ௫ ା ଵ  3.  
( )

( )

2 3 23 2
22

26 3 4 1262 2 122 2 120

x
x x x x x

x x x

x x

x x

+
+ − + − −

− + −

+ −

− + −

 4.   
( )

( )

2 3 23
22

2 34 2 3 8 122 83 123 120

x
x x x x

x x

x

x

+
− + − −

− −

−

− −
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5. 

 

( )

( )

( )

23 23 2
22

2 22 3 2 7 2 92 34 24 64 94 615

x x

x x x x

x x

x x

x x

x
x

+ −

+ + + +

− +

+

− +

− +
− − −   𝑥ଶ + 2𝑥 − 2 + ଵହଶ௫ ା ଷ   

6. 

 

( )

( )

( )

23 23 2
22

33 2 0 43 033 43 95

x x
x x x x

x x

x x

x x

x
x

+ +
− − + −

− −

+

− −

−
− −    𝑥ଶ + 𝑥 + 3 + ହ௫ ି ଷ 7. 
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( )
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3 23 6 5 3 26 3
5 3 25 2

33

2 32 2 5 4 622 3 42 43 63 60

x x
x x x x x

x x

x x x
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x
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− +

+
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8. 

 
( )

( )

2 3 23 2
22

2 34 1 2 5 102 8 23 103 12 311 13

x
x x x x x

x x x

x x

x x

x

+
− + − + −

− − +

− −

− − +

−    2𝑥 + 3 + ଵଵ௫ ି ଵଷ௫మ ି ସ௫ ା ଵ 
6.3 Synthetic Division 1.  2 3 4 7 66 4 63 2 3 | 0− −

−
−

  Ans:  3𝑥ଶ + 2𝑥 − 3 
2.   4 2 5 11 48 12 42 3 1 | 0− − −   Ans:  2𝑥ଶ + 3𝑥 + 1 3.   1 3 1 6 23 4 23 4 2 | 0−

−
−

  Ans:  3𝑥ଶ + 4𝑥 − 2 
4.    2 3 7 1 5 56 2 6 23 1 3 1 | 3− − −

− − −
−

 
 Ans:  3𝑥ଷ + 𝑥ଶ − 3𝑥 + 1 + ଷ௫ ା ଶ 
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5.   2 1 0 4 4 82 4 0 81 2 0 4 | 0− −
−

−
  Ans:  𝑥ଷ + 2𝑥ଶ − 4 

6.  3 1 0 11 1 73 9 6 151 3 2 5 | 8− − −
− −
− − −

 
 Ans:  𝑥ଷ − 3𝑥ଶ − 2𝑥 + 5 − ଼௫ ା ଷ 

6.4 Remainder Theorem 1. 𝑓(−2) = (−2)ଷ + 2(−2)ଶ + (−2) + 6  𝑓(−2) = 4, so the remainder is 4.   This can be checked by synthetic division:  2 1 2 1 62 0 21 0 1 | 4−
− −  

2. Substitute each a to see if 𝑃(𝑎) = 0.       𝑃(1) = 1ସ − 2(1ଷ)− 7(1ଶ) + 8(1) + 12   𝑃(1) = 12, so the correct answer is (3)  
3. Enter the equation into the calculator as 𝑌ଵ and evaluate 𝑌ଵ(𝑥) for each integer x between −3 and 3.  𝑃(−3) = 0, 𝑃(−2) = 0, 𝑃(−1) = −16,  𝑃(0) = 0, 𝑃(1) = 0, 𝑃(2) = −40, and 𝑃(3) = 0  Therefore, the roots are {−3,−2,0,1,3} 

4. ௔(௫)௫ ି ଶ = 3𝑥 + 13 + ଺௫ ି ଶ  Multiply both sides by 𝑥 − 2.  𝑎(𝑥) = 3𝑥(𝑥 − 2) + 13(𝑥 − 2) + 6  𝑎(𝑥) = 3𝑥ଶ − 6𝑥 + 13𝑥 − 26 + 6  𝑎(𝑥) = 3𝑥ଶ + 7𝑥 − 20 
5.  a) (−4)ଷ + 3(−4)ଶ + (−4)𝑘 − 24 = 0  −64 + 48 − 4𝑘 − 24 = 0  −40 − 4𝑘 = 0  𝑘 = −10  

 b) Find the other factor by division:  4 1 3 10 244 4 241 1 6 | 0− − −
−
− −

  (𝑥ଶ − 𝑥 − 6)(𝑥 + 4) = 0  (𝑥 − 3)(𝑥 + 2)(𝑥 + 4) = 0  {−4,−2,3} 
6.5 Factor Polynomials 1. 𝑥ଶ(𝑥 + 3) + 2(𝑥 + 3)  (𝑥ଶ + 2)(𝑥 + 3) 2. 2𝑥ଶ(2𝑥 + 5)− 5(2𝑥 + 5)  (2𝑥ଶ − 5)(2𝑥 + 5) 3. 𝑥ଶ(𝑥 + 3) − 4(𝑥 + 3)  (𝑥ଶ − 4)(𝑥 + 3)  (𝑥 + 2)(𝑥 − 2)(𝑥 + 3) 4. 𝑥ଶ(𝑥 − 2) − 9(𝑥 − 2)  (𝑥ଶ − 9)(𝑥 − 2)  (𝑥 + 3)(𝑥 − 3)(𝑥 − 2) 5. 𝑥ଶ(𝑥 + 2) − (𝑥 + 2)  (𝑥ଶ − 1)(𝑥 + 2)  (𝑥 + 1)(𝑥 − 1)(𝑥 + 2) 6. 𝑥ଶ(3𝑥 − 5)− 16(3𝑥 − 5)  (𝑥ଶ − 16)(3𝑥 − 5)  (𝑥 + 4)(𝑥 − 4)(3𝑥 − 5) 
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7. 𝑎(𝑎 + 𝑏) + 𝑐(𝑎 + 𝑏)  (𝑎 + 𝑐)(𝑎 + 𝑏) 8. 𝑎ଷ + 𝑎ଶ − 𝑎𝑏 − 𝑏  𝑎ଶ(𝑎 + 1)− 𝑏(𝑎 + 1)  (𝑎ଶ − 𝑏)(𝑎 + 1) 9. 𝑥ସ − 𝑥ଶ − 9𝑥ଶ + 9  𝑥ଶ(𝑥ଶ − 1)− 9(𝑥ଶ − 1)  (𝑥ଶ − 9)(𝑥ଶ − 1)  (𝑥 + 3)(𝑥 − 3)(𝑥 + 1)(𝑥 − 1) 
10. 8𝑦ସ − 10𝑦ଶ − 28𝑦ଶ + 35  2𝑦ଶ(4𝑦ଶ − 5)− 7(4𝑦ଶ − 5)  (2𝑦ଶ − 7)(4𝑦ଶ − 5) 

11. 𝑎ସ − 𝑎ଶ𝑏ଶ − 4𝑎ଶ𝑏ଶ + 4𝑏ସ  𝑎ଶ(𝑎ଶ − 𝑏ଶ)− 4𝑏ଶ(𝑎ଶ − 𝑏ଶ)  (𝑎ଶ − 4𝑏ଶ)(𝑎ଶ − 𝑏ଶ)  (𝑎 + 2𝑏)(𝑎 − 2𝑏)(𝑎 + 𝑏)(𝑎 − 𝑏) 
12. 2𝑥ସ − 2𝑥ଶ𝑦ଶ + 𝑥ଶ𝑦ଶ − 𝑦ସ  2𝑥ଶ(𝑥ଶ − 𝑦ଶ) + 𝑦ଶ(𝑥ଶ − 𝑦ଶ)  (2𝑥ଶ + 𝑦ଶ)(𝑥ଶ − 𝑦ଶ)  (2𝑥ଶ + 𝑦ଶ)(𝑥 + 𝑦)(𝑥 − 𝑦) 13. 𝑥ସ(2𝑥 − 1) + 5𝑥ଶ(2𝑥 − 1) + 4(2𝑥 − 1)  (𝑥ସ + 5𝑥ଶ + 4)(2𝑥 − 1)  (𝑥ସ + 𝑥ଶ + 4𝑥ଶ + 4)(2𝑥 − 1)  [𝑥ଶ(𝑥ଶ + 1) + 4(𝑥ଶ + 1)](2𝑥 − 1)  (𝑥ଶ + 4)(𝑥ଶ + 1)(2𝑥 − 1) 14. (𝑥 + 5)(𝑥ଶ − 5𝑥 + 25) 15. (𝑏 + 4)(𝑏ଶ − 4𝑏 + 16) 16. (𝑦 − 6)(𝑦ଶ + 6𝑦 + 36) 17. (3𝑥 − 2)(9𝑥ଶ + 6𝑥 + 4) 18. 2(8𝑥ଷ + 27) =  2(2𝑥 + 3)(4𝑥ଶ − 6𝑥 + 9) 19. (𝑥𝑦ଶ − 4)(𝑥ଶ𝑦ସ + 4𝑥𝑦ଶ + 16) 

20. (8𝑥 − 7𝑦)(64𝑥ଶ + 56𝑥𝑦 + 49𝑦ଶ) 21. 2(𝑥ଷ + 64𝑦ଷ) =  2(𝑥 + 4𝑦)(𝑥ଶ − 4𝑥𝑦 + 16𝑦ଶ) 22. Let 𝑢 = 2𝑥ଶ  2𝑢ଶ − 3𝑢 − 2  (2𝑢 + 1)(𝑢 − 2)  (4𝑥ଶ + 1)(2𝑥ଶ − 2)  2(4𝑥ଶ + 1)(𝑥ଶ − 1)  2(4𝑥ଶ + 1)(𝑥 + 1)(𝑥 − 1) 
23. Let 𝑢 = 𝑥 − 6  𝑥ସ − 𝑢ଶ  (𝑥ଶ + 𝑢)(𝑥ଶ − 𝑢)  (𝑥ଶ + 𝑥 − 6)(𝑥ଶ − 𝑥 + 6)  (𝑥 + 3)(𝑥 − 2)(𝑥ଶ − 𝑥 + 6)  24. We can factor out the GCF of 2 from the middle terms:  (𝑥ହ + 2𝑥)ଶ + 2(𝑥ହ + 2𝑥) + 1  Now let 𝑢 = 𝑥ହ + 2𝑥  𝑢ଶ + 2𝑢 + 1  (𝑢 + 1)(𝑢 + 1)  (𝑥ହ + 2𝑥 + 1)(𝑥ହ + 2𝑥 + 1) 

6.6 Find Roots by Factoring 1. 𝑥(𝑥ଶ + 𝑥 − 2) = 0  𝑥(𝑥 + 2)(𝑥 − 1) = 0  {−2,0,1} 2. 𝑥ଶ(2𝑥 − 1)− 4(2𝑥 − 1) = 0  (𝑥ଶ − 4)(2𝑥 − 1) = 0  (𝑥 + 2)(𝑥 − 2)(2𝑥 − 1) = 0  ቄଵଶ , ±2ቅ 
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3. 4𝑥ଶ(2𝑥 + 1)− 9(2𝑥 + 1) = 0  (4𝑥ଶ − 9)(2𝑥 + 1) = 0  (2𝑥 + 3)(2𝑥 − 3)(2𝑥 + 1) = 0  ቄ± ଷଶ ,−ଵଶቅ 
4. 𝑥ଷ + 5𝑥ଶ − 4𝑥 − 20 = 0  𝑥ଶ(𝑥 + 5) − 4(𝑥 + 5) = 0  (𝑥ଶ − 4)(𝑥 + 5) = 0  {±2,−5} 5. (𝑥ଶ + 1)(𝑥ଶ − 4) = 0  𝑥ଶ + 1 = 0  or  𝑥ଶ − 4 = 0  {±2, ±𝑖} 6. 3𝑥(𝑥ସ − 16) = 0  3𝑥(𝑥ଶ + 4)(𝑥ଶ − 4) = 0  3𝑥(𝑥ଶ + 4)(𝑥 + 2)(𝑥 − 2) = 0  {0, ±2, ±2𝑖} 7. 𝑥(𝑥ଷ + 4𝑥ଶ + 4𝑥 + 16) = 0  𝑥൫𝑥ଶ(𝑥 + 4) + 4(𝑥 + 4)൯ = 0  𝑥(𝑥ଶ + 4)(𝑥 + 4) = 0  {0,−4, ±2𝑖} 
8. 9𝑥ଶ(𝑥 − 10) + 64(𝑥 − 10) = 0  (9𝑥ଶ + 64)(𝑥 − 10) = 0  For the first factor, 𝑥ଶ = −଺ସଽ ,  so 𝑥 = ± ଷ଼ 𝑖   ቄ10, ± ଷ଼ 𝑖ቅ 9. (𝑥 + 1)(𝑥 − 2)(3𝑥 + 1)(3𝑥 − 2) =  (𝑥ଶ − 𝑥 − 2) (3𝑥 + 1)(3𝑥 − 2) =  (3𝑥ଷ − 2𝑥ଶ − 7𝑥 − 2)(3𝑥 − 2) =  9𝑥ସ − 12𝑥ଷ − 17𝑥ଶ + 8𝑥 + 4  𝑓(𝑥) = 9𝑥ସ − 12𝑥ଷ − 17𝑥ଶ + 8𝑥 + 4 
10. 𝑥 = −1 + 2𝑖 → 𝑥 + 1 − 2𝑖 = 0  𝑥 = −1 − 2𝑖 → 𝑥 + 1 + 2𝑖 = 0  𝑥 = 2  → 𝑥 − 2 = 0  (𝑥 + 1 − 2𝑖)(𝑥 + 1 + 2𝑖)(𝑥 − 2) =  [(𝑥 + 1)ଶ − (2𝑖)ଶ](𝑥 − 2) =  (𝑥ଶ + 2𝑥 + 5)(𝑥 − 2) =   𝑥ଷ + 𝑥 − 10  To get a leading coefficient of 4, vertically dilate the function by multiplying by 4:  𝑔(𝑥) = 4𝑥ଷ + 4𝑥 − 40 

6.7 Root Theorems 1. Possible roots are   ±1, ±2, ±4, ±5, ±10, ±20.  (−1)ଷ − 8(−1)ଶ + 11(−1) + 20 = 0  𝑓(−1) = 0, so −1 is a root and (𝑥 + 1) is a factor.  By synthetic division,   1 1 8 11 201 9 201 9 20 | 0− −
− −
−

  (𝑥 + 1)(𝑥ଶ − 9𝑥 + 20)  (𝑥 + 1)(𝑥 − 4)(𝑥 − 5)  Roots are −1, 4, and 5. 

2. Possible roots are ±1, ±2, ±3, ±6, ± ଵଷ , ± ଶଷ.  3(1)ଷ − 10(1)ଶ + 1 + 6 = 0  𝑔(1) = 0, so 1 is a root and (𝑥 − 1) is a factor.  By synthetic division,   1 3 10 1 63 7 63 7 6 | 0−
− −

− −
  (𝑥 − 1)(3𝑥ଶ − 7𝑥 − 6)   (𝑥 − 1)(3𝑥ଶ − 9𝑥 + 2𝑥 − 6)  (𝑥 − 1)(𝑥 − 3)(3𝑥 + 2)  [by grouping]  Roots are 1, 3, and −ଶଷ. 
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3. Possible roots are ±1, ±2, ±3, ±4, ±6, ±8, ±12, ±24, ± ଵଶ , ± ଷଶ.  2(−2)ଷ − (−2)ଶ − 22(−2)− 24 = 0  ℎ(−2) = 0, so –2 is a root and (𝑥 + 2) is a factor.  By synthetic division,   2 2 1 22 244 10 242 5 12 | 0− − − −
−
− −

  (𝑥 + 2)(2𝑥ଶ − 5𝑥 − 12)  (𝑥 + 2)(2𝑥ଶ − 8𝑥 + 3𝑥 − 12)  (𝑥 + 2)(2𝑥 + 3)(𝑥 − 4)   [by grouping]  Roots are –2, −ଷଶ, and 4. 

4. Possible roots are ±1, ±3, ±9, ± ଵଶ , ± ଷଶ , ± ଽଶ. 2(−1)ସ + (−1)ଷ − 19(−1)ଶ − 9(−1) + 9 = 0   𝑓(−1) = 0, so –1 is a root and (𝑥 + 1) is a factor.  By synthetic division,   1 2 1 19 9 92 1 18 92 1 18 9 | 0− − −
− −
− −

  (𝑥 + 1)(2𝑥ଷ − 𝑥ଶ − 18𝑥 + 9)   (𝑥 + 1)(𝑥ଶ − 9)(2𝑥 − 1)  [by grouping]  (𝑥 + 1)(𝑥 + 3)(𝑥 − 3)(2𝑥 − 1)  Roots are −1,−3, 3, and ଵଶ. 
5. 𝑃(𝑥) is cubic, so there are 3 roots. 𝑃(𝑥) has two sign changes, so there are at most 2 positive real roots.  𝑃(−𝑥) = −2𝑥ଷ + 3𝑥ଶ + 10𝑥 + 1 has one sign change, so there is 1 negative real root. Positive Real Roots Negative Real Roots Imaginary Roots Total Roots 2 1 0 3 0 1 2 3 
 6. ℎ(𝑥) is a fifth-degree (quintic) polynomial, so there are 5 roots.  ℎ(𝑥) has 3 sign changes, so there are at most 3 positive real roots.  ℎ(−𝑥) = 𝑥ହ + 𝑥ସ + 𝑥ଶ + 𝑥 + 1 has no sign changes, so 0 negative real roots. Positive Real Roots Negative Real Roots Imaginary Roots Total Roots 3 0 2 5 1 0 4 5 
 

6.8 Properties of Polynomial Graphs 1. Degree = 5, leading coefficient = −3. 
   As 𝑥 → −∞, 𝑓(𝑥) → ∞,   and as 𝑥 → ∞, 𝑓(𝑥) → −∞ 

2. Degree = 4, leading coefficient = 5. 
   As 𝑥 → −∞, 𝑓(𝑥) → ∞,   and as 𝑥 → ∞, 𝑓(𝑥) → ∞ 
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3. Degree = 4, leading coefficient = −16. 
   As 𝑥 → −∞, 𝑓(𝑥) → −∞,   and as 𝑥 → ∞, 𝑓(𝑥) → −∞ 

4. Degree = 7, leading coefficient = 1. 
   As 𝑥 → −∞, 𝑓(𝑥) → −∞,   and as 𝑥 → ∞, 𝑓(𝑥) → ∞ 5. ℎ(0) = −4(−2)(−5)ଶ = 200, so the y-intercept is (0, 200).  𝑥ଶ − 2 = 0    →     𝑥 = ±√2   2𝑥 − 5 = 0    →     𝑥 = ହଶ    [double root] so the x-intercepts are (−√2, 0), (√2, 0), and ቀହଶ , 0ቁ. 
6. 𝑘(0) = (0)(1)(4)ଶ = 0, so the y-intercept is (0, 0).  5𝑥 = 0        →     𝑥 = 0  𝑥ଶ + 1 = 0 →    imaginary roots ±𝑖  𝑥 + 4 = 0   →     𝑥 = −4    [double root] so the x-intercepts are (−4, 0) and (0, 0). 

7. (−2.31, 0), (−0.76, 0), and (0.57,0) 8. relative maximum at (3, 5), relative minimum at (5, 1).  decreasing over 3 < 𝑥 < 5  increasing over 𝑥 < 3 and 𝑥 > 5 
9. relative maximum at (−2.5, 1.25), relative minima at (−3, 0) and (−2, 0).  decreasing over 𝑥 < −3 and    −2.5 < 𝑥 < −2  increasing over 3 < 𝑥 < −2.5 and    𝑥 > −2 
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6.9 Graph Polynomial Functions 1. x-intercepts at –2, 0, and 3.  y-intercept at 𝑓(0) = 0.  Degree of 3 (odd), leading coefficient of 1 (positive), so end behavior of  
   

 

2. x-intercepts at –2, –1, and 1, with –1 as a double root.  y-intercept at 𝑓(0) = −4.  Degree of 4 (even), leading coefficient of 2 (positive), so end behavior of 
 

 3. 𝑐(𝑥) = 𝑥ଷ − 13𝑥 + 12 4. 𝑞(𝑥) = 2𝑥ସ + 3𝑥ଷ − 3𝑥ଶ − 2𝑥 5.  

   Second degree (quadratic) function  𝑓(𝑥) = −4𝑥ଶ + 6𝑥 + 4  
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6. 

   Fourth degree (quartic) function  𝑔(𝑥) = 𝑥ସ − 16 
6.10 Polynomial Transformations 1. (3) 2. (2) 3. (1) 4. The graph shifts 2 units to the right and 3 units up. 5. 𝑔(𝑥) = 𝑓(𝑥 − 2) =  (𝑥 − 2)(𝑥 + 2)(𝑥 − 5)  6. Start with 𝑦 = 2𝑥ସ − 3𝑥ଷ + 𝑥 − 5.  For a vertical dilation by a factor of 3, multiply the equation by 3, giving us  𝑦 = 6𝑥ସ − 9𝑥ଷ + 3𝑥 − 15.  To reflect over the y-axis, replace each 𝑥 with −𝑥, giving us  𝑦 = 6(−𝑥)ସ − 9(−𝑥)ଷ + 3(−𝑥)− 15, or 𝑦 = 6𝑥ସ + 9𝑥ଷ − 3𝑥 − 15.  Finally, translate 6 unit up by adding 6:  𝑛(𝑥) = 6𝑥ସ + 9𝑥ଷ − 3𝑥 − 9 
6.11 Systems of Polynomial Functions 1. 𝑥ଶ + 2𝑥 − 1 = 3𝑥 + 5   𝑥ଶ − 𝑥 − 6 = 0   (𝑥 + 2)(𝑥 − 3) = 0   𝑥 = {−2,3}  𝑦 = 3(−2) + 5 = −1  𝑦 = 3(3) + 5 = 14  (−2,−1) and (3,14) 

2. 𝑦 + 3𝑥 = 1  →    𝑦 = −3𝑥 + 1  𝑥ଶ + 7𝑥 + 22 = −3𝑥 + 1   𝑥ଶ + 10𝑥 + 21 = 0   (𝑥 + 7)(𝑥 + 3) = 0   𝑥 = {−7,−3}   𝑦 = −3(−7) + 1 = 22   𝑦 = −3(−3) + 1 = 10   (−7,22) and (−3,10)  
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3. 𝑥ଶ + 2𝑥 = 𝑦 + 7 → 𝑦 = 𝑥ଶ + 2𝑥 − 7  𝑥ଶ + 2𝑥 − 7 = 2𝑥 + 1  𝑥ଶ = 8  𝑥 = ±√8 = ±2√2  𝑦 = 2൫2√2൯ + 1 = 1 + 4√2  𝑦 = 2൫−2√2൯ + 1 = 1 − 4√2  ൫2√2, 1 + 4√2൯ and ൫−2√2, 1 − 4√2൯ 

4. 𝑥ଷ − 6𝑥 + 1 = −2𝑥 + 1  𝑥ଷ − 4𝑥 = 0  𝑥(𝑥ଶ − 4) = 0  𝑥(𝑥 + 2)(𝑥 − 2) = 0  𝑥 = {0,−2,2}  𝑦 = −2(0) + 1 = 1  𝑦 = −2(−2) + 1 = 5  𝑦 = −2(2) + 1 = −3  (0,1), (−2,5), (2,−3) 5. 𝑦 + 2 = 3𝑥 → 𝑦 = 3𝑥 − 2  𝑥ଶ − 3𝑥 + 9 = 3𝑥 − 2  𝑥ଶ − 6𝑥 + 11 = 0  𝑥ଶ − 6𝑥 = −11  𝑥ଶ − 6𝑥 + 9 = −11 + 9  (𝑥 − 3)ଶ = −2  𝑥 − 3 = ±√−2   𝑥 = 3 ± 𝑖√2  𝑦 = 3൫3 + 𝑖√2൯ − 2   𝑦 = 7 + 3𝑖√2  𝑦 = 3൫3 − 𝑖√2൯ − 2   𝑦 = 7 − 3𝑖√2  ൫3 + 𝑖√2, 7 + 3𝑖√2൯ and   ൫3 − 𝑖√2, 7 − 3𝑖√2൯  

6. 𝑥ଷ + 5𝑥ଶ + 2 = 7𝑥ଶ − 5𝑥 + 2  𝑥ଷ − 2𝑥ଶ + 5𝑥 = 0  𝑥(𝑥ଶ − 2𝑥 + 5) = 0  𝑥 = 0 𝑥ଶ − 2𝑥 + 5 = 0    𝑥ଶ − 2𝑥 = −5    𝑥ଶ − 2𝑥 + 1 = −5 + 1    (𝑥 − 1)ଶ = −4    𝑥 − 1 = ±√−4    𝑥 = 1 ± 2𝑖  𝑦 = 7(0)ଶ − 5(0) + 2 = 2  𝑦 = 7(1 + 2𝑖)ଶ − 5(1 + 2𝑖) + 2 =   7(1 + 4𝑖 − 4)− 5 − 10𝑖 + 2 =   −21 + 28𝑖 − 3 − 10𝑖 = −24 + 18𝑖  𝑦 = 7(1 − 2𝑖)ଶ − 5(1 − 2𝑖) + 2 =   7(1 − 4𝑖 − 4)− 5 + 10𝑖 + 2 =   −21 − 28𝑖 − 3 + 10𝑖 = −24 − 18𝑖  (0,2), (1 + 2𝑖,−24 + 18𝑖), and    (1 − 2𝑖,−24 − 18𝑖) 7. 

  (−4,1), (2,1) 

8. 

  (−2,5), (0,1), (2,−3)  
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9. 

 (4, 6)  

10. 

 (−2, 0), (0,0), (1,3)  
6.12 Polynomial Identities [CC] 1. (𝑥 + 𝑎)(𝑥 + 𝑏)  = 𝑥ଶ + 𝑎𝑥 + 𝑏𝑥 + 𝑎𝑏   multiply the binomials  = 𝑥ଶ + (𝑎 + 𝑏)𝑥 + 𝑎𝑏   distributive property 2. (𝑥ଶ − 1)ଶ + (2𝑥)ଶ  = 𝑥ସ − 2𝑥ଶ + 1 + (2𝑥)ଶ  expand the square of the binomial  = 𝑥ସ − 2𝑥ଶ + 1 + 4𝑥ଶ  Power Rule   = 𝑥ସ + 2𝑥ଶ + 1   combine like terms  = (𝑥ଶ + 1)ଶ    rewrite as the square of a binomial 3. (𝑎 + 𝑏)ଷ  = (𝑎 + 𝑏)(𝑎 + 𝑏)(𝑎 + 𝑏)   rewrite the cube as a product  = (𝑎ଶ + 2𝑎𝑏 + 𝑏ଶ)(𝑎 + 𝑏)   multiply the first two binomials  = 𝑎ଷ + 𝑎ଶ𝑏 + 2𝑎ଶ𝑏 + 2𝑎𝑏ଶ + 𝑎𝑏ଶ + 𝑏ଷ multiply the trinomial and binomial  = 𝑎ଷ + 3𝑎ଶ𝑏 + 3𝑎𝑏ଶ + 𝑏ଷ   combine like terms 4. (𝑎 + 𝑏)ଶ + (𝑎 − 𝑏)ଶ  = (𝑎ଶ + 2𝑎𝑏 + 𝑏ଶ) + (𝑎ଶ − 2𝑎𝑏 + 𝑏ଶ)  expand both squares of binomials  = 2𝑎ଶ + 2𝑏ଶ     combine like terms  = 2(𝑎ଶ + 𝑏ଶ)     distributive property 5. (𝑎 + 𝑏)(𝑎 − 𝑏)[(𝑎 + 𝑏)ଶ − 2𝑎𝑏]  = (𝑎 + 𝑏)(𝑎 − 𝑏)(𝑎ଶ + 2𝑎𝑏 + 𝑏ଶ − 2𝑎𝑏) expand the square of the binomial  = (𝑎 + 𝑏)(𝑎 − 𝑏)(𝑎ଶ + 𝑏ଶ)   combine like terms  = (𝑎ଶ − 𝑏ଶ)(𝑎ଶ + 𝑏ଶ)    express as a difference of two squares  = 𝑎ସ − 𝑏ସ     express as a difference of two squares 
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6. ൫𝑥ଶ + 𝑦ଶ + √2𝑥𝑦൯൫𝑥ଶ + 𝑦ଶ − √2𝑥𝑦൯  = 𝑥ସ + 𝑥ଶ𝑦ଶ − √2𝑥ଶ𝑦 +   multiply by distributing each term        𝑥ଶ𝑦ଶ + 𝑦ସ − √2𝑥𝑦ଶ +    √2𝑥ଶ𝑦 + √2𝑥𝑦ଶ − 2𝑥ଶ𝑦ଶ  = 𝑥ସ + 𝑦ସ     combine like terms    
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Chapter 7. Radicals and Rational Exponents 

7.1 nth Roots 1. 11 2.  6 3. 2.91 4. 4 2 3 3 3 3⋅ ⋅ ⋅ ⋅  = 3√2ర  5. 𝑥ଶ = 25  √𝑥ଶ = ±√25  𝑥 = ±5 6. √𝑥ହఱ = √243ఱ   𝑥 = 3  
7. √𝑥଺ల = ±ඥ46,656ల    𝑥 = ±6 8. √𝑥ଷయ = √515య    𝑥 ≈ 8.02 9. 4𝑦ଶ 10. 𝑥ସ𝑦ହඥ𝑦య  11. 𝑎𝑏ଶ𝑐√4𝑎ଷ𝑏ସఱ  12. |𝑥ଷ|𝑦ସ 
7.2 Operations with Radicals 1. 9√2ర  2. 10√10య  3. √64య = 4  4.  ൫√8ర ൯൫3√6ర ൯ − ൫2√3ర ൯ = 3√48ర − 2√3ర   = 6√3ర − 2√3ర = 4√3ర  
5. ଷ√ଽయ ∙ ቀ √ଽయ ቁమቀ √ଽయ ቁమ = ଷ √଼ଵయଽ  = ଽ √ଷయଽ  = √3య   6. ଺ √଼ర√ଵ଺ర  = ଺√ଶర  ଺√ଶర ∙ ൫ √ଶర ൯య൫ √ଶర ൯య = ଺൫ √ଶర ൯యଶ  = 3൫√2ర ൯ଷ = 3√8ర  
7.3 Solve Equations with Radicals 

1. ൫√𝑥య ൯ଷ = 7ଷ  𝑥 = 343 2. 3√𝑥ర = 18   √𝑥ర = 6  ൫√𝑥ర ൯ସ = 6ସ    𝑥 = 1,296 3. 𝑥 − 4 = 49  𝑥 = 53  4. √2𝑥 − 1 = 3  2𝑥 − 1 = 9  𝑥 = 5  
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5. √2𝑥 + 3య = 3  2𝑥 + 3 = 27  2𝑥 = 24  𝑥 = 12  
6. ൫√𝑥 − 𝑎൯ଶ = 𝑏ଶ  𝑥 − 𝑎 = 𝑏ଶ   𝑥 = 𝑏ଶ + 𝑎  7. 𝑥ଶ − 3𝑥 + 3 = 1  𝑥ଶ − 3𝑥 + 2 = 0  (𝑥 − 1)(𝑥 − 2) = 0  {1,2} 
8. 𝑥 + 3 = (𝑥 + 3)ଶ  𝑥 + 3 = 𝑥ଶ + 6𝑥 + 9  𝑥ଶ + 5𝑥 + 6 = 0  (𝑥 + 2)(𝑥 + 3) = 0  {−2,−3} 9. 2𝑥 − 4 = (𝑥 − 2)ଶ  2𝑥 − 4 = 𝑥ଶ − 4𝑥 + 4  𝑥ଶ − 6𝑥 + 8 = 0  (𝑥 − 2)(𝑥 − 4) = 0  {2,4} 
10. 𝑥ଶ = 4(2𝑥 − 3)  𝑥ଶ − 8𝑥 + 12 = 0  (𝑥 − 2)(𝑥 − 6) = 0  {2,6} 

11. 9𝑥 + 10 = 𝑥ଶ  𝑥ଶ − 9𝑥 − 10 = 0  (𝑥 + 1)(𝑥 − 10) = 0  {−1, 10} –1 is extraneous 
12. 5𝑥 + 29 = (𝑥 + 3)ଶ  5𝑥 + 29 = 𝑥ଶ + 6𝑥 + 9  𝑥ଶ + 𝑥 − 20 = 0  (𝑥 + 5)(𝑥 − 4) = 0  {−5, 4} –5 is extraneous 13. 𝑥ଷ − 2𝑥ଶ − 5 = (𝑥 − 1)ଷ  𝑥ଷ − 2𝑥ଶ − 5 = 𝑥ଷ − 3𝑥ଶ + 3𝑥 − 1  𝑥ଶ − 3𝑥 − 4 = 0  (𝑥 + 1)(𝑥 − 4) = 0  {−1, 4} 
14. 15𝑥ସ + 81 = (2𝑥)ସ  15𝑥ସ + 81 = 16𝑥ସ  𝑥ସ − 81 = 0  𝑥ସ = 81  {−3, 3} –3 is extraneous 15. √𝑥 + 4 = √𝑥 − 3 + 1  ൫√𝑥 + 4൯ଶ = ൫√𝑥 − 3 + 1൯ଶ  𝑥 + 4 = 𝑥 − 3 + 2√𝑥 − 3 + 1  2√𝑥 − 3 = 6  √𝑥 − 3 = 3  ൫√𝑥 − 3൯ଶ = 3ଶ  𝑥 − 3 = 9  𝑥 = 12 

16. ൫√𝑥 + 4൯ଶ = ൫√5𝑥 − 2൯ଶ  𝑥 + 4 = 5𝑥 − 4√5𝑥 + 4  −4𝑥 = −4√5𝑥  𝑥 = √5𝑥  𝑥ଶ = 5𝑥  𝑥ଶ − 5𝑥 = 0  𝑥(𝑥 − 5) − 0  {0, 5} 0 is extraneous 17. ൫√𝑥 + 3 + 1൯ଶ = ൫√−2𝑥൯ଶ  𝑥 + 3 + 2√𝑥 + 3 + 1 = −2𝑥  2√𝑥 + 3 = −3𝑥 − 4  ൫2√𝑥 + 3൯ଶ = (−3𝑥 − 4)ଶ  4(𝑥 + 3) = 9𝑥ଶ + 24𝑥 + 16  4𝑥 + 12 = 9𝑥ଶ + 24𝑥 + 16  9𝑥ଶ + 20𝑥 + 4 = 0  𝑛ଶ + 20𝑛 + 36 = 0  (𝑛 + 18)(𝑛 + 2) = 0  𝑥 = ௡ଽ = ቄ−2,−ଶଽቅ      −ଶଽ is extraneous 

18. ൫√𝑥 + 1 − √𝑥 − 4൯ଶ = 𝑥 − 7  𝑥 + 1 − 2√𝑥 + 1√𝑥 − 4 + 𝑥 − 4 = 𝑥 − 7  2√𝑥 + 1√𝑥 − 4 = 𝑥 + 4  2√𝑥ଶ − 3𝑥 − 4 = 𝑥 + 4  4(𝑥ଶ − 3𝑥 − 4) = (𝑥 + 4)ଶ  4𝑥ଶ − 12𝑥 − 16 = 𝑥ଶ + 8𝑥 + 16  3𝑥ଶ − 20𝑥 − 32 = 0  𝑛ଶ − 20𝑛 − 96 = 0  (𝑛 − 24)(𝑛 + 4) = 0  𝑥 = ௡ଷ = ቄ8,−ସଷቅ     −ସଷ is extraneous 
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7.4 Graphs of Radical Functions 1.  (1) 2. (2) 3. a)  dilation by a factor of 2, translations 2 units left and 4 units down (in any order)  b)  𝑔(𝑥) = 2√𝑥 + 2 − 4 4. 

 (a)   (b)     (c) 670  (d) 12 
7.5 Negative Exponents 

1. ଵ௣ళ   2. ଵ(ହ௫)మ = ଵଶହ௫మ 
3. 1 + ଵଷమ = 1 ଵଽ  4. 2ିଶ − 2଴ + 2ଶ = ଵସ − 1 + 4 = 3 ଵସ 
5. − ଶ௠య௡ఱ  6. 5𝑥ଷ 
7. − ଷ௕௖ହ  8. ቀହ௬ଶ௫ቁଷ = ଵଶହ௬య଼௫య   
9. ቀଷସቁଶ ∙ 4ଶ = 9 10. ௔ల௕ఱ  
11. ଷషమ(ିଶ)షయ = (ିଶ)యଷమ  = − ଽ଼  12. ଵହషమ௔య௕షర = ଶହ௕ర௔య   
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13. ௬ల௫య 14. ௫ర௬ఱଷ  
15. ௬ళଶ௫మ 16. ଷ௫షర௬ఱ(ଶ௫య௬షళ)షమ = ଷ௬ఱ൫ଶ௫య௬షళ൯మ௫ర  = ଷ௬ఱ൫ସ௫ల௬షభర൯௫ర  = ଵଶ௫ల௬షవ௫ర  = ଵଶ௫మ௬వ  
7.6 Rational Exponents 

1. 𝑥రఱ  2.   𝑥ళర 3. 3𝑥−15 4. √𝑥ଷ 
5. ଵ√௫మయ ൬ √௫య√௫య ൰ = √௫య௫   6. ቀଶ଻଺ସቁିమయ = ቀ଺ସଶ଻ቁమయ = ቀସଷቁଶ = ଵ଺ଽ  
7. ቆ௫మ௫భవቇଷ = ቆ௫భఴవ௫భవ ቇଷ  = ቀ𝑥భళవ ቁଷ = 𝑥భళయ  = √𝑥ଵ଻య  8. ቆଶ଻௫ర௫௬షమయቇభయ = ቀ27𝑥ଷ𝑦మయቁభయ = 3𝑥𝑦మవ = 3𝑥ඥ𝑦ଶవ  9. (9𝑥ଶ𝑦଺)ିభమ = ଵඥଽ௫మ௬ల = ଵଷ௫௬య 10. ቀ𝑥భమ𝑦ିమయቁି଺ = 𝑥ିଷ𝑦ସ = ௬ర௫య 
11. ቀ௫షఱ௫షవቁభమ = ቀ௫వ௫ఱቁభమ = (𝑥ସ)భమ = 𝑥ଶ 12. ൫௠ల൯షమయ௠మ  = ଵ(௠ల)మయ ∙ ௠మ = ଵ௠ర ∙ ௠మ = ଵ௠ల 
13. √௫మయ√௫ల  = ௫మయ௫భల = ௫రల௫భల  = 𝑥యల = 𝑥భమ = √𝑥 14. ඥ௫ఱ ା ௫య√௫ళయ  = ௫ఱమ ା ௫య௫ళయ  = ௫ఱమ௫ళయ + ௫య௫ళయ =   ௫భఱల௫భరల  + ௫వయ௫ళయ  = 𝑥భల + 𝑥మయ = √𝑥ల  + √𝑥ଶయ  
15. 2𝑥34 +5 = 133  2𝑥34 = 128   𝑥యర = 64   ቀ𝑥యరቁరయ = 64రయ   𝑥 = 256 

16. 𝑥 ళభబ ∙ √𝑥 = 729   𝑥 ళభబ ∙ 𝑥భమ = 729   𝑥ቀ ళ10 ା ఱభబቁ = 729   𝑥లఱ = 729  ቀ𝑥లఱቁఱల = ± 729ఱల   𝑥 = ±243 
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17. 𝑦మయ = 𝑥ఱల   ቀ𝑦మయቁయమ = ቀ𝑥ఱలቁయమ   𝑦 = 𝑥ఱర  
18. 𝑉 = 𝑎ଶ ට𝑏భయ  
 ௏௔మ = ට𝑏భయ   ௏మ௔ర = 𝑏భయ   ௏ల௔భమ = 𝑏      
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Chapter 8. Rational Functions 

8.1 Undefined Expressions 1. 𝑥 + 2 = 0, so 𝑥 = −2 2. 3𝑥 + 1 = 0, so 𝑥 = −ଵଷ 3. 𝑥ଶ − 4 = 0  𝑥ଶ = 4  𝑥 = ±√4 = ±2 4. 𝑥ଶ − 4𝑥 − 12 = 0  (𝑥 + 2)(𝑥 − 6) = 0  𝑥 = {−2,6} 5. 9 − 𝑥ଶ = 0  −𝑥ଶ = −9  𝑥ଶ = 9   𝑥 = ±3 
6. 𝑥ଶ + 5𝑥 − 6 = 0  (𝑥 + 6)(𝑥 − 1) = 0  𝑥 = {−6,1} 7. 𝑥 + 2 = 0  or  𝑥 − 1 = 0  𝑥 = {−2,1} 8. 2𝑥ଶ + 1 = 0   2𝑥ଶ = −1    𝑥ଶ = −ଵଶ    𝑥 = ±ට−ଵଶ (not real numbers)  The expression is defined for all possible real values of x. 

8.2 Simplify Rational Expressions 1. 𝑥 + 2 2. 2𝑥ଶ + 3𝑥 + 1 3. 3𝑥 − 9𝑥ଷ 4. 𝑥ସ − 9𝑥ଶ + 1 5. 3𝑎ଶ𝑏ଶ − 6𝑎 6. ଶ௫(௫ ି ଺)௫ ି ଺  = 2𝑥  
7. ଶହ(௫ ି ହ)(௫ ା ହ)(௫ ି ହ) = ଶହ௫ ା ହ 8. ଶ଺(௫ ା ଶ)ଷ௫(௫ ା ଶ) = ଶ௫ 
9. (௫ ା ହ)(௫ ା ଵ)(௫ ା ହ)(௫ ି ହ) = ௫ ା ଵ௫ ି ହ 10. ଷ௫(ଷ௫ ି ହ௬)(ଷ௫ ା ହ௬)(ଷ௫ ି ହ௬) = ଷ௫ଷ௫ ା ହ௬ 
11. (௫ ା ଷ)(௫ ି ହ)௫(௫ ା ଷ)  = ௫ ି ହ௫  12. (௫ ା ଶ)(௫ ି ଷ)(௫ ି ଶ)(௫ ି ଷ) = ௫ ା ଶ௫ ି ଶ 
13. ଶ൫௫మ ା ହ௫ ି ଵସ൯ସ(௫ ା ଻)  = ଶ(௫ ା ଻)(௫ ି ଶ)ସ(௫ ା ଻)  = ௫ ି ଶଶ  14. ଷ ି ௫ଶ(௫ ି ଷ) = ି(௫ ି ଷ)ଶ(௫ ି ଷ)  = −ଵଶ 



 

35  

15. ௬ ି ௫(௫ ା ௬)(௫ ି ௬) = ି(௫ ି ௬)(௫ ା ௬)(௫ ି ௬) = − ଵ௫ ା ௬ 16. ௫(௫ ି ଽ)ହ௫(ଽ ି ௫) = ௫(௫ ି ଽ)ିହ௫(௫ ି ଽ) = −ଵହ 
17. ଷ௬(௬ ି ସ)௬మ(ସ ି ௬) = ଷ௬(௬ ି ସ)ି௬మ(௬ ି ସ) = − ଷ௬ 18. (௫௬ ା ଷ)(௫௬ ି ଷ)ଷ ି ௫௬  = (௫௬ ା ଷ)(௫௬ ି ଷ)ି(௫௬ ି ଷ)  =−(𝑥𝑦 + 3) = −𝑥𝑦 − 3 19. ௫మ ା ଼௫ ା ଵହ௫ ା ହ  = (௫ ା ହ)(௫ ା ଷ)௫ ା ହ  = 𝑥 + 3 20. Base: 14𝑥 + 21 − 2(4𝑥 + 6) = 6𝑥 + 9  ଺௫ ା ଽଵସ௫ ା ଶଵ = ଷ(ଶ௫ ା ଷ)଻(ଶ௫ ା ଷ)  = ଷ଻ 
8.3 Multiply and Divide Rational Expressions 

1. ଻௫మଷ ∙ ଽଵସ௫ = ௫ଵ ∙ ଷଶ = ଷ௫ଶ  2. ସ௫మ଻௬మ ∙ ଶଵ௬యଶ଴௫ర = ଵଵ ∙ ଷ௬ହ௫మ = ଷ௬ହ௫మ 
3. ௫మ ି ଵ௫ ∙ ସ௫మ௫ ା ଵ = (௫ ା ଵ)(௫ ି ଵ)௫ ∙ ସ௫మ௫ ା ଵ = ௫ ି ଵଵ ∙ ସ௫ଵ  = 4𝑥(𝑥 − 1) = 4𝑥ଶ − 4𝑥 4. ସ௫௫ ି ଵ ∙ ௫మ ି ଵଷ௫ ା ଷ = ସ௫௫ ି ଵ ∙ (௫ ା ଵ)(௫ ି ଵ)ଷ(௫ ା ଵ)  = ସ௫ଷ  
5. ௫మ ି ଵ௫ ା ଵ ∙ ௫ ା ଷଷ௫ ି ଷ =  
 (௫ ା ଵ)(௫ ି ଵ)௫ ା ଵ ∙ ௫ ା ଷଷ(௫ ି ଵ) = ௫ ା ଷଷ  6. ௫ ା ଶଶ ∙ ସ௫ ା ଶ଴௫మ ା ଺௫ ା ଼ =  

 ௫ ା ଶଶ ∙ ସ(௫ ା ହ)(௫ ା ସ)(௫ ା ଶ) = ଶ(௫ ା ହ)௫ ା ସ  = ଶ௫ ା ଵ଴௫ ା ସ  
7. ௫ ା ଶଷ௫ ା ଷ ∙ ௫మ ା ହ௫ ା ସଶ௫ ା ସ  =  
 ௫ ା ଶଷ(௫ ା ଵ) ∙ (௫ ା ସ)(௫ ା ଵ)ଶ(௫ ା ଶ)  = ௫ ା ସ଺  8. ௫మ ି ଽ௫మ ା ଽ௫ ା ଵ଼ ∙ ௫௫మ ି ଷ௫ =  

 (௫ ା ଷ)(௫ ି ଷ)(௫ ା ଺)(௫ ା ଷ) ∙ ௫௫(௫ ି ଷ) = ଵ௫ ା ଺ 
9. ௫௫ ା ଷ ÷ ଷ௫௫మ ି ଽ = ௫௫ ା ଷ ∙ ௫మ ି ଽଷ௫  =   ௫௫ ା ଷ ∙ (௫ ା ଷ)(௫ ି ଷ)ଷ௫  = ௫ ି ଷଷ  10. ௫௫ ା ସ ÷ ଶ௫௫మ ି ଵ଺ = ௫௫ ା ସ ∙ ௫మ ି ଵ଺ଶ௫  = ௫௫ ା ସ ∙ (௫ ା ସ)(௫ ି ସ)ଶ௫  = ௫ ି ସଶ  
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11. ଽ௫మ௫మ ା ଵଶ௫ ା ଷ଺ ÷ ଵଶ௫௫మ ା ଺௫ = ଽ௫మ௫మ ା ଵଶ௫ ା ଷ଺ ∙ ௫మ ା ଺௫ଵଶ௫  = ଽ௫మ(௫ ା ଺)(௫ ା ଺) ∙ ௫(௫ ା ଺)ଵଶ௫  =  
 ଷ௫మସ(௫ ା ଺) = ଷ௫మସ௫ ା ଶସ 

12. ଷ௫ ା ଺ସ௫ ା ଵଶ ÷ ௫మ ି ସ௫ ା ଷ  =   ଷ௫ ା ଺ସ௫ ା ଵଶ ∙ ௫ ା ଷ௫మ ି ସ =  
 ଷ(௫ ା ଶ)ସ(௫ ା ଷ) ∙ ௫ ା ଷ(௫ ା ଶ)(௫ ି ଶ) =  
 ଷସ(௫ ି ଶ) = ଷସ௫ ି ଼ 

13. ଶ௫మ ି ଼௫ ି ସଶ଺௫మ ∙ ௫మ ି ଷ௫௫మ ି ଽ  = ଶ(௫ ା ଷ)(௫ ି ଻)଺௫మ ∙ ௫(௫ ି ଷ)(௫ ା ଷ)(௫ ି ଷ) = ௫ ି ଻ଷ௫  14. ଷ௫మ ା ଽ௫௫మ ା ହ௫ ା ଺ ∙ ௫మ ି ௫ ି ଺௫మ ି ଽ  = ଷ௫(௫ ା ଷ)(௫ ା ଷ)(௫ ା ଶ) ∙ (௫ ା ଶ)(௫ ି ଷ)(௫ ା ଷ)(௫ ି ଷ) = ଷ௫௫ ା ଷ 
15. ௫మ ା ଽ௫ ା ଵସ௫మ ି ସଽ ∙ ௫మ ା ௫ ି ହ଺ଷ௫ ା ଺  = (௫ ା ଻)(௫ ା ଶ)(௫ ା ଻)(௫ ି ଻) ∙ (௫ ା ଼)(௫ ି ଻)ଷ(௫ ା ଶ)  = ௫ ା ଼ଷ  16. ଶ௫ ି ଺ଶ௫ ା ସ ∙ ௫మ ା ଶ௫௫మ ା ଶ௫ ି ଵହ =  

 ଶ(௫ ି ଷ)ଶ(௫ ା ଶ) ∙ ௫(௫ ା ଶ)(௫ ା ହ)(௫ ି ଷ) = ௫௫ ା ହ 
17. ௫మ ା ଶ௫ ି ଵହ௫మ ି ସ௫ ି ସହ ∙ ௫మ ି ହ௫ ି ଷ଺௫మ ା ௫ ି ଵଶ  = (௫ ା ହ)(௫ ି ଷ)(௫ ା ହ)(௫ ି ଽ) ∙ (௫ ା ସ)(௫ ି ଽ)(௫ ା ସ)(௫ ି ଷ) = 1 18.  ௫మ ା ସ௫ ା ଷଶ௫మ ି ௫ ି ଵ଴ ∙ ଶ௫మ ା ସ௫య௫మ ା ଷ௫ ∙ ௫మ ା ସ௫ ା ସ௫మ ା ଷ௫ ା ଶ =   (௫ ା ଷ)(௫ ା ଵ)(ଶ௫ ି ହ)(௫ ା ଶ) ∙ ଶ௫మ(ଵ ା ଶ௫)௫(௫ ା ଷ) ∙ (௫ ା ଶ)(௫ ା ଶ)(௫ ା ଶ)(௫ ା ଵ) =  ଶ௫(ଶ௫ ା ଵ)ଶ௫ ି ହ  = ସ௫మ ା ଶ௫ଶ௫ ି ହ   
8.4 Add and Subtract Rational Expressions 

1. ଼௫మ ା ଵ 2. ସ௫మ௫ ି ଶ 3. ௫ ା ଵଶଶ௫ ା ସ 4. ସହ௫ 
5. ଶ௬ ା ଵ଴௬ ା ହ  = ଶ(௬ ା ହ)௬ ା ହ  = 2 6. ௫మ௫ ା ଵ + ଺௫ ା ହ௫ ା ଵ  = ௫మ ା ଺௫ ା ହ௫ ା ଵ  =   (௫ ା ହ)(௫ ା ଵ)௫ ା ଵ  = 𝑥 + 5 
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7. 2ଶ ∙ 3 ∙ 7 ∙ 𝑎ଷ ∙ 𝑏 and 3ଷ ∙ 𝑎ଶ ∙ 𝑏ଶ  gives us an LCM of 2ଶ ∙ 3ଷ ∙ 7 ∙ 𝑎ଷ ∙ 𝑏ଶ, or  756𝑎ଷ𝑏ଶ 8. Factor as (𝑥 + 2)(𝑥 − 2) and (𝑥 + 2).  So, LCM is (𝑥 + 2)(𝑥 − 2). 
9. Factor as 2𝑥ଶ, 𝑥(𝑥 + 1), and  3𝑥(𝑥ଶ + 1).  So, LCM is 6𝑥ଶ(𝑥 + 1)(𝑥ଶ + 1). 10. Factor as (𝑥 + 4)(𝑥 − 1), (𝑥 − 1)ଶ, and (𝑥 + 4)(𝑥 + 2).  So, the LCM is (𝑥 − 1)ଶ(𝑥 + 4)(𝑥 + 2). 11. LCM is 12  ହ௫଺ ቀଶଶቁ + ௫ସ ቀଷଷቁ = ଵ଴௫ଵଶ  + ଷ௫ଵଶ = ଵଷ௫ଵଶ  12. LCM is 5𝑥  ଷ௫ ቀହହቁ − ଶହ ቀ௫௫ቁ = ଵହହ௫ − ଶ௫ହ௫ = ଵହ ି ଶ௫ହ௫  13. LCM is 21𝑛 ଷ଻௡ ቀଷଷቁ − ଻ଷ௡ ቀ଻଻ቁ = ଽଶଵ௡ − ସଽଶଵ௡ = − ସ଴ଶଵ௡ 14. LCM is 2𝑥  ௔௫ ቀଶଶቁ + ௕ଶ௫ = ଶ௔ଶ௫ + ௕ଶ௫ = ଶ௔ ା ௕ଶ௫  15. LCM is 3𝑏  ௔௕ ቀଷଷቁ − ଵଷ ቀ௕௕ቁ = ଷ௔ଷ௕ − ௕ଷ௕ = ଷ௔ି௕ଷ௕  16. LCM is 12𝑥ଶ  ଻ଵଶ௫ ቀ௫௫ቁ − ௬଺௫మ ቀଶଶቁ = ଻௫ଵଶ௫మ − ଶ௬ଵଶ௫మ = ଻௫ ି ଶ௬ଵଶ௫మ  
17. ଺௬ ି ହ − ௬ ା ହ௬మ ି ଶହ =   ଺௬ ି ହ − ௬ ା ହ(௬ ା ହ)(௬ ି ହ) =   ଺௬ ି ହ − ଵ௬ ି ହ = ହ௬ ି ହ 

18. ହ௫(௫ ା ହ) + ௫௫ ା ହ      LCM is 𝑥(𝑥 + 5)  ହ௫(௫ ା ହ) + ௫௫ ା ହ ቀ௫௫ቁ =   ହ௫(௫ ା ହ) + ௫మ௫(௫ ା ହ) =   ௫మ ା ହ௫(௫ ା ହ) = ௫మ ା ହ௫మ ା ହ௫ 
19. ସ௫(௫ ା ଵ)(௫ ି ଵ) − ଷ௫ଶ(௫ ା ଵ)  LCM is 2(𝑥 + 1)(𝑥 − 1)  ସ௫(௫ ା ଵ)(௫ ି ଵ) ቀଶଶቁ − ଷ௫ଶ(௫ ା ଵ) ቀ௫ ି ଵ௫ ି ଵቁ = ଼௫ଶ(௫ ା ଵ)(௫ ି ଵ)− ଷ௫మ ି ଷ௫ଶ(௫ ା ଵ)(௫ ି ଵ) = ିଷ௫మ ା ଵଵ௫ଶ(௫ ା ଵ)(௫ ି ଵ) = ିଷ௫మ ା ଵଵ௫ଶ(௫మ ି ଵ)  = ିଷ௫మ ା ଵଵ௫ଶ௫మ ି ଶ  

20. ଺௫(௫ ା ଵ)(௫ ା ଵ)(௫ ି ଶ) + (௫ ା ଵ)(௫ ା ଵ)ଷ௫(௫ ି ଶ)  =   ଺௫(௫ ି ଶ) + (௫ ା ଵ)(௫ ା ଵ)ଷ௫(௫ ି ଶ)   LCM is 3𝑥(𝑥 − 2)  ଺௫(௫ ି ଶ) ቀଷ௫ଷ௫ቁ + (௫ ା ଵ)(௫ ା ଵ)ଷ௫(௫ ି ଶ)  = ଵ଼௫మଷ௫(௫ ି ଶ) + (௫ ା ଵ)(௫ ା ଵ)ଷ௫(௫ ି ଶ)  = ଵଽ௫మ ା ଶ௫ ା ଵଷ௫(௫ ି ଶ)  = ଵଽ௫మ ା ଶ௫ ା ଵଷ௫మ ି ଺௫  
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21. ௬ ି ହଵ  + ଷ௬ ା ଶ = ௬ ି ହଵ ቀ௬ ା ଶ௬ ା ଶቁ + ଷ௬ ା ଶ =   (௬ ି ହ)(௬ ା ଶ) ା ଷ௬ ା ଶ  = ௬మ ି ଷ௬ ି ଻௬ ା ଶ  22. ଷ௔ ି ଵ + ଷଵ ି ௔ = ଷ௔ ି ଵ − ଷ௔ ି ଵ =   ଴௔ ି ଵ = 0 
23. ଷ௫ଶ௫ ି ଺ + ଽ଺ ି ଶ௫ = ଷ௫ଶ௫ ି ଺ − ଽଶ௫ ି ଺ =   ଷ௫ ି ଽଶ௫ ି ଺ = ଷ(௫ ି ଷ)ଶ(௫ ି ଷ) = ଷଶ 24. ௫௫ ି ଵ − ଵଶ ି ଶ௫ = ௫௫ ି ଵ − ଵଶ(ଵ ି ௫) =  ௫௫ ି ଵ + ଵଶ(௫ ି ଵ) = ௫௫ ି ଵ ቀଶଶቁ + ଵଶ(௫ ି ଵ) =  ଶ௫ଶ(௫ ି ଵ) + ଵଶ(௫ ି ଵ) = ଶ௫ ା ଵଶ(௫ ି ଵ) = ଶ௫ ା ଵଶ௫ ି ଶ 
8.5 Simplify Complex Fractions 

1. ௫మభೣ  = 𝑥ଶ ÷ ଵ௫ = 𝑥ଶ ∙ 𝑥 = 𝑥ଷ 2. మ೤ೣరೣ೤మ  = ଶ௫௬  ÷ ସ௫௬మ = ଶ௫௬ ∙ ௬మସ௫ = ௬ଶ 
3. LCM is 𝑥𝑦  భೣ ା భ೤భೣ ି భ೤ ቀ௫௬௫௬ቁ = ௬ ା ௫௬ ି ௫   

4. LCM is 𝑥ଶ  ଵ ି భೣమଵ ା భೣ ቀ௫మ௫మቁ = ௫మ ି ଵ௫మ ା ௫ = (௫ ା ଵ)(௫ ି ଵ)௫(௫ ା ଵ)  =   ௫ ି ଵ௫  
5. LCM is (𝑥 + 1)(𝑥 − 1) 
 ଺ ି ೣೣ ష భସ ି ೣೣ శ భ ቀ(௫ ା ଵ)(௫ ି ଵ)(௫ ା ଵ)(௫ ି ଵ)ቁ =   ଺(௫ ା ଵ)(௫ ି ଵ) ି ௫(௫ ା ଵ)ସ(௫ ା ଵ)(௫ ି ଵ) ି ௫(௫ ି ଵ) =   ଺௫మ ି ଺ ି ௫మ ି ௫ସ௫మ ି ସ ି ௫మ ା ௫ = ହ௫మ ି ௫ ି ଺ଷ௫మ ା ௫ ି ସ 
 [Note:  both the numerator and 

denominator can be factored, but there are 
no common factors.] 

6. LCM is 𝑥 − 5  1 − ଵଵ ି భೣ ష ఱ ቀ௫ ି ହ௫ ି ହቁ = 1 − ௫ ି ହ௫ ି ହ ି ଵ   = 1 − ௫ିହ௫ି଺ = ௫ ି ଺௫ ି ଺ − ௫ ି ହ௫ ି ଺ = ିଵ௫ ି ଺ 
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8.6 Solve Rational Equations 

1. 16 ቀ ௫ଵ଺ቁ + 16 ቀଵସቁ = 16 ቀଵଶቁ  𝑥 + 4 = 8  𝑥 = 4  
2. 6 ቀ௫ଶቁ + 6 ቀ௫଺ቁ = 6(2)  3𝑥 + 𝑥 = 12  4𝑥 = 12  𝑥 = 3 3. 5 ቀଷହ 𝑥ቁ + 5 ቀଶହቁ = 5(4)  3𝑥 + 2 = 20  3𝑥 = 18  𝑥 = 6 
4. 4 ቀଷସ 𝑥ቁ + 4(2) = 4 ቀହସ 𝑥ቁ − 4(6)  3𝑥 + 8 = 5𝑥 − 24  32 = 2𝑥  16 = 𝑥 5. 12 ቀଷସ 𝑥ቁ = 12 ቀଵଷ 𝑥ቁ + 12(5)  9𝑥 = 4𝑥 + 60  5𝑥 = 60  𝑥 = 12 
6. 6𝑛 ቀହ௡ቁ − 6𝑛 ቀଵଶቁ = 6𝑛 ቀ ଷ଺௡ቁ  30 − 3𝑛 = 3  −3𝑛 = −27  𝑛 = 9 7. 15 ቀଶ௫ହ ቁ + 15 ቀଵଷቁ = 15 ቀ଻௫ ି ଶଵହ ቁ  6𝑥 + 5 = 7𝑥 − 2  7 = 𝑥 8. 𝑥 ቀଶ௫ቁ − 𝑥(3) = 𝑥 ቀଶ଺௫ ቁ  2 − 3𝑥 = 26  −3𝑥 = 24  𝑥 = −8 9. 6 ቀଶ௫ଷ ቁ + 6 ቀ௫଺ቁ = 6(5)  4𝑥 + 𝑥 = 30  5𝑥 = 30  𝑥 = 6 
10. 21 ቀଵ଻ቁ + 21 ቀଶ௫ଷ ቁ = 21 ቀଵହ௫ ି ଷଶଵ ቁ  3 + 14𝑥 = 15𝑥 − 3  6 = 𝑥 

11. 6 ቀ௫ଷቁ + 6 ቀ௫ ା ଵଶ ቁ = 6(𝑥)  2𝑥 + 3(𝑥 + 1) = 6𝑥  2𝑥 + 3𝑥 + 3 = 6𝑥  5𝑥 + 3 = 6𝑥  3 = 𝑥 
12. 12𝑥 ቀଷ଼௫ቁ − 12𝑥 ቀ௫ ି ଵଵଶ ቁ = 12𝑥 ቀ ଵ଺௫ቁ  32 − 𝑥ଶ + 𝑥 = 2  𝑥ଶ − 𝑥 − 30 = 0  (𝑥 + 5)(𝑥 − 6) = 0  𝑥 = {−5,6}  13. 4 ∙ ଷସ (𝑥 + 3) = 4(9)  3(𝑥 + 3) = 36  3𝑥 + 9 = 36  3𝑥 = 27  𝑥 = 9 
14. 5 ∙ ଷହ (𝑥 + 2) = 5(𝑥 − 4)  3(𝑥 + 2) = 5(𝑥 − 4)  3𝑥 + 6 = 5𝑥 − 20  26 = 2𝑥  13 = 𝑥 15. 10 ቀ௠ହቁ + 10 ቀଷ(௠ ି ଵ)ଶ ቁ = 10 ∙ 2(𝑚 − 3)  2𝑚 + 15(𝑚− 1) = 20(𝑚− 3)  2𝑚 + 15𝑚− 15 = 20𝑚− 60  17𝑚− 15 = 20𝑚− 60  45 = 3𝑚  15 = 𝑚 
16. 𝑥ଶ(1) − 𝑥ଶ ቀ ଺௫మቁ = 𝑥ଶ ቀଵ௫ቁ  𝑥ଶ − 6 = 𝑥  𝑥ଶ − 𝑥 − 6 = 0  (𝑥 + 2)(𝑥 − 3) = 0  𝑥 = {−2,3} 
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17. 𝑥(𝑥 + 2) ቂ ସ௫௫ ା ଶ − ଵଶ௫ = 1ቃ  4𝑥ଶ − 12(𝑥 + 2) = 𝑥(𝑥 + 2)  4𝑥ଶ − 12𝑥 − 24 = 𝑥ଶ + 2𝑥  3𝑥ଶ − 14𝑥 − 24 = 0  (3𝑥 + 4)(𝑥 − 6) = 0  𝑥 = ቄ− ସଷ , 6ቅ 
18. 3𝑥(𝑥 + 1) ቂ ଶଷ௫ + ସ௫ = ଻௫ ା ଵቃ  2(𝑥 + 1) + 12(𝑥 + 1) = 21𝑥  2𝑥 + 2 + 12𝑥 + 12 = 21𝑥  14𝑥 + 14 = 21𝑥  14 = 7𝑥  2 = 𝑥 

19. 3(𝑥 + 3)(𝑥 − 4) ቂ ଷ௫ ା ଷ + ଶ௫ ି ସ = ସଷቃ  9(𝑥 − 4) + 6(𝑥 + 3) = 4(𝑥 + 3)(𝑥 − 4)  9𝑥 − 36 + 6𝑥 + 18 = 4(𝑥ଶ − 𝑥 − 12)  15𝑥 − 18 = 4𝑥ଶ − 4𝑥 − 48  4𝑥ଶ − 19𝑥 − 30 = 0  (4𝑥 + 5)(𝑥 − 6) = 0  𝑥 = ቄ− ହସ , 6ቅ 

20.  (𝑥 + 5)(𝑥 − 5) ቂ ௫௫ାହ + ଽ௫ିହ = ହ଴(௫ାହ)(௫ିହ)ቃ  𝑥(𝑥 − 5) + 9(𝑥 + 5) = 50  𝑥ଶ − 5𝑥 + 9𝑥 + 45 = 50  𝑥ଶ + 4𝑥 − 5 = 0  (𝑥 + 5)(𝑥 − 1) = 0  𝑥 = {−5, 1}  −5 is an extraneous root, since   𝑥 + 5 = (−5) + 5 = 0  21. (𝑥 + 3)(𝑥 − 4) ቂ ௫௫ିସ − ଵ௫ାଷ = ଶ଼(௫ାଷ)(௫ିସ)ቃ  𝑥(𝑥 + 3) − (𝑥 − 4) = 28  𝑥ଶ + 3𝑥 − 𝑥 + 4 = 28  𝑥ଶ + 2𝑥 − 24 = 0  (𝑥 + 6)(𝑥 − 4) = 0  𝑥 = {−6, 4}  4 is an extraneous root. 

22. 𝑥(𝑥 + 1) ቂସ௫ − ଷ௫ ା ଵ = 7ቃ  4(𝑥 + 1)− 3𝑥 = 7𝑥(𝑥 + 1)  4𝑥 + 4 − 3𝑥 = 7𝑥ଶ + 7𝑥  7𝑥ଶ + 6𝑥 − 4 = 0  𝑥 = ି଺ ±ඥ଺మ ି ସ(଻)(ିସ)ଶ(଻)  = ି଺ ±√ଵସ଼ଵସ  = ି଺ ±ଶ√ଷ଻ଵସ  = ିଷ±√ଷ଻଻  23. 3𝑥 ቂ௫ ା ଷଷ + ௫ ା ଷ௫ = 2ቃ  𝑥ଶ + 3𝑥 + 3𝑥 + 9 = 6𝑥  𝑥ଶ + 9 = 0  𝑥ଶ = −9  𝑥 = ±3𝑖 
24. 𝑥 ቂ𝑥 + ହ௫ = 2ቃ  𝑥ଶ + 5 = 2𝑥  𝑥ଶ − 2𝑥 = −5  𝑥ଶ − 2𝑥 + 1 = −5 + 1  (𝑥 − 1)ଶ = −4  𝑥 − 1 = ±√−4  𝑥 − 1 = ±2𝑖  𝑥 = 1 ± 2𝑖 
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25. 𝑥 ቂ𝑥 = 2 − ௫଼ቃ  𝑥ଶ = 2𝑥 − 8  𝑥ଶ − 2𝑥 = −8  𝑥ଶ − 2𝑥 + 1 = −8 + 1  (𝑥 − 1)ଶ = −7  𝑥 − 1 = ±√−7  𝑥 − 1 = ±𝑖√7  𝑥 = 1 ± 𝑖√7 

26. 𝑥 ቂ2𝑥 + ଷ௫ = −2ቃ  2𝑥ଶ + 3 = −2𝑥  2𝑥ଶ + 2𝑥 + 3 = 0  𝑥ଶ + 𝑥 + ଷଶ = 0  𝑥ଶ + 𝑥 = −ଷଶ  𝑥ଶ + 𝑥 + ଵସ = −ଷଶ + ଵସ  ቀ𝑥 + ଵଶቁଶ = −ହସ  𝑥 + ଵଶ = ±ට−ହସ  𝑥 = −ଵଶ ± ௜√ହଶ   
27. 72𝑥 ቂ௫଼ + ଽ଼௫ = 0ቃ  9𝑥ଶ + 64 = 0  𝑥ଶ = −଺ସଽ   𝑥 = ±ට−଺ସଽ   𝑥 = ± ଼௜ଷ  

28. 𝑥ଶ ቂ2 + ହ௫మ = ଺௫ቃ  2𝑥ଶ + 5 = 6𝑥  2𝑥ଶ − 6𝑥 = −5  𝑥ଶ − 3𝑥 = −ହଶ  𝑥ଶ − 3𝑥 + ଽସ = −ହଶ + ଽସ  ቀ𝑥 − ଷଶቁଶ = −ଵସ  𝑥 − ଷଶ = ±ට−ଵସ  𝑥 − ଷଶ = ± ଵଶ 𝑖  𝑥 = ଷଶ ± ଵଶ 𝑖  or  𝑥 = ଷ±௜ଶ   
8.7 Model Rational Expressions and Equations 

1. ௫ ି ଷ ା ଻௫ ା ଻  = ଷସ  4(𝑥 + 4) = 3(𝑥 + 7)  4𝑥 + 16 = 3𝑥 + 21  𝑥 = 5  Original fraction is ଶହ. 
2. 𝑥 + ଺ସ௫  = 16  𝑥 ቂ𝑥 + 64𝑥 = 16ቃ  𝑥ଶ + 64 = 16𝑥  𝑥ଶ − 16𝑥 + 64 = 0  (𝑥 − 8)ଶ = 0  𝑥 = 8  



 

42  

3. ହ௫ = ଻ଶ௫ +3  2𝑥 ቂହ௫ = ଻ଶ௫ + 3ቃ  10 = 7 + 6𝑥  3 = 6𝑥  𝑥 = ଵଶ   

4. ଺௫ + ଻௫ ା ଶ = 1  𝑥(𝑥 + 2) ቂ଺௫ + ଻௫ ା ଶ = 1ቃ  6(𝑥 + 2) + 7𝑥 = 𝑥(𝑥 + 2)  13𝑥 + 12 = 𝑥ଶ + 2𝑥  𝑥ଶ − 11𝑥 − 12 = 0  (𝑥 + 1)(𝑥 − 12) = 0  𝑥 = {−1, 12}   Reject −1.  Numbers are 12 and 14. 5. ௡௨௠௕௘௥ ௢௙ ௣௘௧௦௡௨௠௕௘௥ ௢௙ ௦௧௨ௗ௘௡௧௦ = 2  ଵ∙଺ ା ଶ∙ଵ଴ ା ସ௞ ା ହ∙ଶଶଶ ା ௞  = 2    ଷ଺ ା ସ௞ଶଶ ା ௞  = 2  36 + 4𝑘 = 2(22 + 𝑘)  36 + 4𝑘 = 44 + 2𝑘  2𝑘 = 8  𝑘 = 4   

6. Written as a fraction, 2.25 = 2 ଵସ = ଽସ. Therefore, ଵோ೅ = ଵవర  = ସଽ.  9𝑥(𝑥 + 3) ቂଵ௫ + ଵ௫ ା ଷ = ସଽቃ  9(𝑥 + 3) + 9𝑥 = 4𝑥(𝑥 + 3)  9𝑥 + 27 + 9𝑥 = 4𝑥ଶ + 12𝑥  4𝑥ଶ − 6𝑥 − 27 = 0  𝑥 = ଺±ඥ(ି଺)మ ି ସ(ସ)(ିଶ଻)ଶ(ସ)  = ଺±√ସ଺଼଼  Positive solution 𝑥 ≈ 3.5. 7. ଵ଺ + ଵସ = ଵ௫  12𝑥 ቂଵ଺ + ଵସ = ଵ௫ቃ  2𝑥 + 3𝑥 = 12  5𝑥 = 12  𝑥 = ଵଶହ = 2.4 hrs 
8. ଵଶ଴ + ଵଷ଴ = ଵ௫  60𝑥 ቂ ଵଶ଴ + ଵଷ଴ = ଵ௫ቃ  3𝑥 + 2𝑥 = 60  5𝑥 = 60  𝑥 = 12 mins  12 × 50 = 600 mins or 10 hrs 9. ଵ௖ + ଵଶ௖ = ଵହ  10𝑐 ቂଵ௖ + ଵଶ௖ = ଵହቃ  10 + 5 = 2𝑐  15 = 2𝑐  𝑐 = ଵହଶ = 7.5 hrs  

10. ଵ௫ ି ହ + ଵ௫ = ଵ଺  6𝑥(𝑥 − 5) ቂ ଵ௫ ି ହ + ଵ௫ = ଵ଺ቃ  6𝑥 + 6(𝑥 − 5) = 𝑥(𝑥 − 5)  6𝑥 + 6𝑥 − 30 = 𝑥ଶ − 5𝑥  𝑥ଶ − 17𝑥 + 30 = 0  𝑥 = ଵ଻ ±ඥଵ଻మ ି ସ(ଵ)(ଷ଴)ଶ(ଵ)  = ଵ଻ ±√ଵ଺ଽଶ  = ଵ଻ ± ଵଷଶ   𝑥 = {2, 15}  Reject 𝑥 = 2 because 𝑥 − 5 > 0.  Faster machine takes 15 − 5 = 10 hrs. 
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11.   D R T moped 40 𝑥 + 20 40𝑥 + 20 
bicycle 15 𝑥 15𝑥    ସ଴௫ ା ଶ଴ = ଵହ௫    40𝑥 = 15(𝑥 + 20)  40𝑥 = 15𝑥 + 300  25𝑥 = 300  𝑥 = 12  Bicycle is 12 mph, moped is 32 mph 

12.   D R T upstream 4 5 − 𝑐 45 − 𝑐 
downstream 16 5 + 𝑐 165 + 𝑐   ସହ ି ௖ = ଵ଺ହ ା ௖  4(5 + 𝑐) = 16(5 − 𝑐)  20 + 4𝑐 = 80 − 16𝑐  20𝑐 = 60  𝑐 = 3 mph  

13.   D R T with wind 1656 𝑥 + 12 1656𝑥 + 12 against wind 3168 𝑥 − 12 3168𝑥 − 12   ଵ଺ହ଺௫ ା ଵଶ = ቀଵଶቁ ∙ ଷଵ଺଼௫ ି ଵଶ  ଷଷଵଶ௫ ା ଵଶ = ଷଵ଺଼௫ ି ଵଶ  3312(𝑥 − 12) = 3168(𝑥 + 12)  3312𝑥 − 39744 = 3168𝑥 + 38016  144𝑥 = 77760  𝑥 = 540 mph 

14.   D R T car 120 𝑥 − 100 120𝑥 − 100 
train 120 𝑥 120𝑥    75 mins = ହସ hours  ଵଶ଴௫  = ଵଶ଴௫ ି ଵ଴଴ − ହସ  4𝑥(𝑥 − 100) ቂଵଶ଴௫ = ଵଶ଴௫ ି ଵ଴଴ − ହସቃ   480(𝑥 − 100) = 480𝑥 − 5𝑥(𝑥 − 100)  480𝑥 − 48,000 = 480𝑥 − 5𝑥ଶ + 500𝑥  5𝑥ଶ − 500𝑥 − 48,000 = 0  𝑥ଶ − 100𝑥 − 9,600 = 0  (𝑥 − 160)(𝑥 + 60) = 0  𝑥 = {160,−60} reject negative value  Train travels 160 mph. 

8.8 Graphs of Rational Functions 1. 𝑥 = −2 and 𝑥 = −9 2. This is in 𝑦 = ௔௫ ି ௛ +𝑘 form.  Vertical asymptote at 𝑥 = −1.  Horizontal asymptote at 𝑦 = 3. 
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3. Degrees of numerator and denominator are equal (2), and leading coefficients are both 1.  Asymptote is at 𝑦 = ଵଵ = 1. 4. The degree of the numerator (1) is smaller than the degree of the denominator (2).  So, there is an asymptote at 𝑦 = 0. 5. There is no horizontal asymptote because the degree of the numerator (2) is greater than the degree of the denominator (1). 6. 2𝑥 + 1 = 0  Vertical asymptote at 𝑥 = −ଵଶ.  Horizontal asymptote at 𝑦 = ସଶ = 2. 7. (2)  Vertical asymptotes at –3 and 3, which are the roots of 𝑥ଶ − 9 = 0, and a  horizontal asymptote at 2. 8. 4𝑥 = 0  x-intercept is 0  𝑓(0) = ସ(଴)ଶ(଴) ା ଵ = 0  y-intercept is 0 
9. 𝑥 − 1 = 0  x-intercept is 1  𝑔(0) = ଴ ି ଵ଴మ ି ସ = ଵସ  y-intercept is ଵସ 10. 𝑥ଶ + 11𝑥 + 18 = 0  (𝑥 + 2)(𝑥 + 9) = 0  x-intercepts at −2 and −9  ℎ(0) = ଴మ ା ଵଵ(଴) ା ଵ଼଴మ ା ଷ(଴)  = ଵ଴଼   undefined  There is no y-intercept 
11. ௫మଶ௫ ା ଵ −1 = 0  ௫మଶ௫ ା ଵ = 1  𝑥ଶ = 2𝑥 + 1  𝑥ଶ − 2𝑥 = 1  𝑥ଶ − 2𝑥 + 1 = 2  (𝑥 − 1)ଶ = 2  𝑥 − 1 = ±√2  𝑥 = 1 ± √2 
 x-intercepts at 1 ± √2  𝑗(0) = ଴మଶ(଴) ା ଵ −1 = −1  y-intercept at –1     



 

45  

Chapter 9. Exponential Functions 

9.1 Solve Simple Exponential Equations 1. 4௫ = 64  4௫ = 4ଷ  𝑥 = 3 2.  3௫ = 81  3௫ = 3ସ  𝑥 = 4 3. 5௫ = 25  5௫ = 5ଶ  𝑥 = 2 4. ቀଵଶቁ௫ = ଵ଼  ቀଵଶቁ௫ = ቀଵଶቁଷ  𝑥 = 3 5. 2௫ାଵ = 2ଷ  𝑥 + 1 = 3  𝑥 = 2 6. 3ଶ௫ିଶ = 3ସ  2𝑥 − 2 = 4  𝑥 = 3 7. 3௫ିଷ = 3଴  𝑥 − 3 = 0  𝑥 = 3 8. 4ଷ௫ାହ = 4ଶ  3𝑥 + 5 = 2  𝑥 = −1 9. 3௫ାଵ = 27  3௫ାଵ = 3ଷ  𝑥 + 1 = 3  𝑥 = 2 
10. (2ଶ)ସ = 2ଷ௫ିଵ  2଼ = 2ଷ௫ିଵ  8 = 3𝑥 − 1  𝑥 = 3 11. 2𝑥 = 𝑥 + 4  𝑥 = 4 12. 2௫ = 2ଶ(௫ାଵ)  𝑥 = 2(𝑥 + 1)  𝑥 = 2𝑥 + 2  𝑥 = −2 13. 2ଶ௫ = 2ଷ௫ାଵ  2𝑥 = 3𝑥 + 1  𝑥 = −1 14. 2଺௫ = 2௫ାହ  6𝑥 = 𝑥 + 5  𝑥 = 1 15. 3௫ିହ = 3ଶ(௫ିଷ)  𝑥 − 5 = 2𝑥 − 6  𝑥 = 1 16. 2ଷ(௫ିଶ) = 2௫  3𝑥 − 6 = 𝑥  𝑥 = 3 17. 2ଵ = 2ଶ௫ାଵ  1 = 2𝑥 + 1  𝑥 = 0 18. 2ଷ(௫ିଶ) = 2ଶ௫  3𝑥 − 6 = 2𝑥  𝑥 = 6 

9.2 Rewrite Exponential Expressions 1. 5ଶ௫ = (5ଶ)௫ = 25௫ 2. 10(1.1)ହ௫ = 10(1.1ହ)௫ = 10(1.61051)௫ 3. 2ଷ௫ାଶ = (2ଷ)௫ ∙ 2ଶ = 4(8)௫ 4. 4(3)௫ାଵ = 4(3)௫(3ଵ) = 12(3)௫ 
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5. ଷఱೣశభଽೣ  = ଷఱೣశభଷమೣ  = 3ହ௫ାଵିଶ௫  = 3ଷ௫ାଵ  = 3ଷ௫ ∙ 3ଵ = 3(3ଷ௫) = 3(27)௫ 6. 3ଶ௫ିଷ = ൫ଷమ൯ೣଷయ  = ଽೣଶ଻ 
7. 5 ቀ4మೣାଶቁ ∙ 3ଷ௫  = 5 ቀ4భమቁ௫ ∙ (4ଶ) ∙ (3ଷ)௫   = 5൫√4൯௫ ∙ (16) ∙ (27)௫  = (5 ∙ 16)(2௫)(27௫) = 80(54)௫   

8. ଶర೤శఱଵ଺೤  = ଶర೤శఱଶర೤  =  2ସ௬ାହିସ௬ = 2ହ = 32  
9. 4௫ = ቀ4భయቁଷ௫, so 𝑘 = 4భయ = √4య   10. 2௫ାଷ − 2௫ = 2௫(2ଷ)− 2௫ = 2௫(2ଷ − 1)  = 7 ∙ 2௫, so 𝑘 = 7 
11. ଵସ (2௫) = ଵସ ቀ2ସ∙రೣቁ = ଵସ ቀ16రೣቁ = ଵସ ቀ16రೣିଶାଶቁ = ଵସ ቀ16రೣିଶቁ (16ଶ) = ଵସ ቀ16రೣିଶቁ (256)  = 64 ቀ16రೣିଶቁ, so 𝑘 = 64 and 𝑏 = 16. 
9.3 Graphs of Exponential Functions 1. 

 

2.   
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3. 

 

4. 

 5. 

 

6. 

 7. 

 

8. 
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9.4 Exponential Regression 1. 𝑦 = (0.25)௫ 2. 𝑦 = 0.1(4)௫ 3. Enter (10, 4.072) and (15, 5.197).  𝑦 = 2.5(1.05)௫ 4. 𝑦 = 6.162(0.796)௫ 5. 𝑓(𝑥) = 1548.977(1.126)௫  𝑓(10) ≈ 5,079 6. Shift the data down by 70°, so enter the data as L1 0 5 10 15 20 L2 140 108 84 65 50  This gives us 𝑦 = 140(0.95)௫.  Shifting the function back up by adding 70° gives us 𝑓(𝑥) =140(0.95)௫ + 70.  After 30 minutes, the coffee is 𝑓(30) ≈ 100°. 
9.5 Exponential Growth or Decay 1. (3) because the base of the exponent t is less than 1. 2. 500(0.75)ହ ≈ $118.65  3. 1(1.08)యలఱభబ ≈ 17 feet 4. 250(0.85)మరయ ≈ 68 mg 5. “every 30 seconds” means twice a minute  5000(1.10)ଶ∙଺଴ ≈ 463,545,344 cells 6. 𝑥(1.005)ఱమమ = 28,461.49  𝑥 = ଶ଼,ସ଺ଵ.ସଽଵ.଴଴ହమల  ≈ $25,000  7. 𝑓(𝑡) = 10(0.5) ೟మవ 8. 278(0.5)భఴభ.ఴ ≈ 0.27 MBq 
9.6 Rate Conversion 1. a) 2%      b)  1.02 భభమ = √1.02భమ ≈ 1.0017, or 0.17% 2. a) 15%   b)  √1.15ఱమ ≈ 1.00269, so 0.27%  3. 𝑃 ቀ1.033 భభమቁଵଶ௧ ≈ 𝑃(1.00271)௠  Note:  𝑚 = 12𝑡 4. √0.75యలఱ ≈ 0.99921  1 − 0.99921 = 0.00079, so 0.08% 
9.7 Continuous Growth or Decay 1. 𝑓(𝑡) = 𝑃𝑒௥௧  𝑓(𝑡) = 25𝑒଴.ଵ௧  𝑓(5) = 25𝑒(଴.ଵ)(ହ) ≈ 41 2. 𝑓(𝑚) = 𝑃𝑒௥௠  𝑓(𝑚) = 18𝑒଴.଴଺௠  𝑓(30) = 18𝑒(଴.଴଺)(ଷ଴) = 109 3. 𝐴 = 𝑃𝑒௥௧  𝐴 = 800𝑒(଴.ଶ)(ଵ଴) ≈ 5911 4. 𝐴 = 𝑃𝑒௥௧  𝐴 = 1000𝑒(ଵ.ଵ଺)(ଵଶ) = 1,110,143,673 
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5. 𝐴 = 𝑃𝑒௥௧  𝐴 = 8𝑒(଴.଴଴ଽ)(ଶ଴) ≈ 9.6 billion 6. 𝐴 = 𝑃𝑒௥௧  a) 𝐴 = 170,000𝑒(ି଴.଴଴ସ)(଻ହ) ≈ 125,939 km3  b) ଵଶହ,ଽଷଽଵ଻଴,଴଴଴ ≈ 0.74;  1 − 0.74 = 26% loss 7. 𝐴 = 𝑃𝑒௥௧  257 = 𝑃𝑒(଴.଴ହ)(ହ)  𝑃 = ଶହ଻௘(బ.బఱ)(ఱ) ≈ 200 8. 𝐴 = 𝑃𝑒௥௧  50,000 = 𝑃𝑒(଴.଴଼)(ଵ଴)   𝑃 = ହ଴,଴଴଴௘(బ.బఴ)(భబ) ≈ $22,466.45   
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Chapter 10. Logarithms 

10.1 Introduction to Logarithms 1. 4௫ = 64, so 𝑥 = 3 2. 5௫ = ଵଵଶହ, so 𝑥 = −3 3. 6௫ = 1, so 𝑥 = 0 4. 𝑘 = logଶ 1 means 2௞ = 1, so 𝑘 = 0 5. 𝑥 = 3ସ = 81 6. 𝑥 = 5ଶ = 25 √𝑥 = 5 7. 𝑥 + 1 = 2ଷ  𝑥 + 1 = 8  𝑥 = 7 8. 5𝑥 − 7 = 2ଷ  5𝑥 − 7 = 8  5𝑥 = 15  𝑥 = 3 9. logଵ଴(𝑥 + 2) = 4  𝑥 + 2 = 10ସ  𝑥 + 2 = 10,000   𝑥 = 9,998 
10. 𝒙 14 12 1 2 4 𝒚 −2 −1 0 1 2 
 11. log ூభூమ = 8 − 5.5 = 2.5  ூభூమ = 10ଶ.ହ ≈ 316 times as intense 12. log ூభூమ = ଼ହିସ଻ଵ଴ = 3.8  ூభூమ = 10ଷ.଼ ≈ 6,310 times as intense 

10.2 Graphs of Log Functions 1. a)  (3)      b)  (2) c)  (1)  d)  (4) 2. 𝑔(𝑥) = log(𝑥 + 5)− 2 3. 𝑔(𝑥) = ଵଶ logଶ 𝑥 + 3 4.  

  

5.  
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6. y-intercept is log(0 + 1) + 2 = 2  To find the x-intercept:  log(𝑥 + 1) + 2 = 0  log(𝑥 + 1) = −2  𝑥 + 1 = 10ିଶ  𝑥 + 1 = 0.01  𝑥 = −0.99 

7. y-intercept is 2 logଶ(0 + 5) ≈ 4.64  To find the x-intercept:  2 logଶ(𝑥 + 5) = 0  logଶ(𝑥 + 5) = 0  𝑥 + 5 = 2଴ = 1  𝑥 = −4 
8. log 0 is undefined, so there is no  

y-intercept.  log 𝑥 − 2 = 0  log 𝑥 = 2  𝑥 = 10ଶ = 100  
9. log(−5) is undefined, so there is no  

y-intercept.  logଷ(𝑥 − 5)− 3 = 0  logଷ(𝑥 − 5) = 3  𝑥 − 5 = 3ଷ = 27  𝑥 = 32 
10.3 Properties of Logarithms 1. 2 log 𝑥 + log 𝑦 2. 3 log 𝑎 − log 𝑏 3. log 2 + log 𝑥 + 3 log 𝑦 4. ଵଶ (log 𝑥 + log𝑦) 5. 2𝑥 log 4 + ଵଶ log𝑦 6. log 5 (2𝑥)ଶ − log(𝑥 + 1)ଷ =  log 5 + 2 log(2𝑥) − 3 log(𝑥 + 1) =   log 5 + 2 log 2 + 2 log 𝑥 − 3 log(𝑥 + 1) 7. 2 logଷ 10 − logଷ 20   = logଷ 10ଶ − logଷ 20   = logଷ ଵ଴మଶ଴   = logଷ 5 

8. 3 log௕ 𝑥 + log௕ 𝑦 − 2 log௕ 𝑧   = log௕ 𝑥ଷ + log௕ 𝑦 − log௕ 𝑧ଶ   = logb ௫య௬௭మ    
9. ଵଶ log 𝑥 − 2 log𝑦   = log√𝑥 − log𝑦ଶ   = log √௫௬మ   

10. ଶ ୪୭୥௫ଷ  + ଷ ୪୭୥௬ସ   = ଶଷ log 𝑥 + ଷସ log 𝑦  = log √𝑥ଶయ + log ඥ𝑦ଷర   = log൫√𝑥ଶయ ∙ ඥ𝑦ଷర ൯  11. log 3,000 − log 3 = log ଷ,଴଴଴ଷ = log 1,000 =3 12. logଶ 8 + logଶ 2 = logଶ(8 ∙ 2) = logଶ 16 = 4 
13. (4)  log ቀଶூ்ቁ = log 2 + log 𝐼 − log𝑇 14. (2)    log[𝑃(1 + 𝑟)௧] = log𝑃 + 𝑡 log(1 + 𝑟) 
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10.4 Use Logarithms to Solve Equations 1. log 2௫ = log 5  𝑥 log 2 = log 5  𝑥 = ୪୭୥ହ୪୭୥ଶ ≈ 2.32 
2. log 16௫ = log 88  𝑥 log 16 = log 88  𝑥 = ୪୭୥଼଼୪୭୥ଵ଺ ≈ 1.61 3. log 13௫ = log 76  𝑥 log 13 = log 76  𝑥 =  log଻଺୪୭୥ଵଷ ≈ 1.69 4. log 2௫ = log ଷଵ଺  𝑥 log 2 = log ଷଵ଺ 
 𝑥 = ୪୭୥ యభల୪୭୥ଶ  ≈ −2.42 5. 20௫ = 9  𝑥 log 20 = log 9  𝑥 = logଽ୪୭୥ଶ଴ ≈ 0.73 
6. 3௫ = 13  𝑥 log 3 = log 13  𝑥 = ୪୭୥ଵଷ୪୭୥ଷ  ≈ 2.33 7. 8௫ = 7  log 8௫ = log 7   𝑥 log 8 = log 7   𝑥 = ୪୭୥଻୪୭୥଼ ≈ 0.94 
8. log 3ଶ௫ିଵ = log 20   (2𝑥 − 1) log 3 = log 20  2𝑥 − 1 = ୪୭୥ ଶ଴୪୭୥ଷ  ≈ 2.7268  2𝑥 ≈ 3.7268  𝑥 ≈ 1.863 9. 3(5௫ାଵ) = 125      5௫ାଵ = ଵଶହଷ     log 5௫ାଵ = log ଵଶହଷ   (𝑥 + 1) log 5 = log ଵଶହଷ    𝑥 + 1 = ୪୭୥భమఱయ୪୭୥ହ  ≈ 2.317  𝑥 ≈ 1.317 

10. 1200(1.024)௧ = 2400     (1.024)௧ = 2      log(1.024)௧ = log 2  𝑡 log 1.024 = log 2  𝑡 = ୪୭୥ଶ୪୭୥ଵ.଴ଶସ ≈ 29.2 weeks  
11. 95(0.90)௧ = 5      (0.90)௧ = ହଽହ = ଵଵଽ     𝑡 log 0.90 = log ଵଵଽ  𝑡 = ୪୭୥ భభవ୪୭୥଴.ଽ଴ ≈ 27.9 hours 12. 97.656 = ହೣଶೣ  97.656 = ቀହଶቁ௫  log 97.656 = log 2.5௫  log 97.656 = 𝑥 log 2.5  𝑥 = ୪୭୥ ଽ଻.଺ହ଺୪୭୥ଶ.ହ  ≈ 5.0  

13. ହହଵହ = ଽೣହೣ  110.2 = ቀଽହቁ௫  log 110.2 = log 1.8௫  log 110.2 = 𝑥 log 1.8  𝑥 = ୪୭୥ଵଵ଴.ଶ୪୭୥ଵ.଼  ≈ 8.0  
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14. 40,353,607 = (7௫) ቀ7మೣቁ  40,353,607 = 7యమೣ   log 40,353,607 = log 7యమೣ    log 40,353,607 = ଷଶ 𝑥 log 7  𝑥 = ଶ ୪୭୥ସ଴,ଷହଷ,଺଴଻ଷ ୪୭୥଻  = 6   

15. 3.72(18)௫ = 25௫  log [3.72(18)௫] = log [25௫]  log 3.72 + log 18௫ = log 25௫  log 3.72 + 𝑥 log 18 = 𝑥 log 25  log 3.72 = 𝑥 log 25 − 𝑥 log 18  log 3.72 = 𝑥(log 25 − log 18)  𝑥 = ୪୭୥ଷ.଻ଶ୪୭୥ଶହ ି ୪୭୥ଵ଼ ≈ 4.0 
10.5 Natural Logarithms 1. Since ln 𝑒௫ = 𝑥, this is simply graphed as the line 𝑦 = 𝑥. 

  2. ln 𝑒௫ = ln 15   𝑥 = ln 15 ≈ 2.71 3. ln 𝑒ଶ௫ = ln 13  2𝑥 = ln 13  𝑥 = ୪୬ ଵଷଶ  ≈ 1.28  4. 4𝑒ଶ௫ = 8  𝑒ଶ௫ = 2  ln 𝑒ଶ௫ = ln 2  2𝑥 = ln 2  𝑥 = ୪୬ ଶଶ ≈ 0.35 
5. ଶ଴ହ଴ଵହ଴଴ = 𝑒ସ௫  ln ଶ଴ହ଴ଵହ଴଴ = ln 𝑒ସ௫   ln ଶ଴ହ଴ଵହ଴଴ = 4𝑥    𝑥 = ୪୬మబఱబభఱబబସ  ≈ 0.078 6. Use the power rule:  𝑎 ln 𝑥 = ln 𝑥௔.  ln 𝑥ଶ = ln 16  𝑥ଶ = 16  𝑥 = [−4, 4}  𝑓(𝑥) = ln 𝑥 is restricted to 𝑥 > 0,    so reject –4.  𝑥 = 4 

7. Use the properties of logarithms:  ln(2𝑥 − 3) + ln(𝑥 + 2) = 2 ln 𝑥  ln[(2𝑥 − 3)(𝑥 + 2)] = ln 𝑥ଶ  (2𝑥 − 3)(𝑥 + 2) = 𝑥ଶ  2𝑥ଶ + 𝑥 − 6 = 𝑥ଶ  𝑥ଶ + 𝑥 − 6 = 0  (𝑥 + 3)(𝑥 − 2) = 0  𝑥 = {−3, 2} [reject 𝑥 = −3]  𝑥 = 2 
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8. 2 ln 𝑥 = ln 9 + ln 𝑒 [𝑙𝑛 𝑒 = 1]  ln 𝑥ଶ = ln 9𝑒  𝑥ଶ = 9𝑒  𝑥 = 3√𝑒 ≈ 4.95  [reject −3√𝑒] 
9. ln 𝑒௞௧ = ln 100ଶ௧  𝑘𝑡 = 2𝑡 ∙ ln 100  𝑘 = 2 ln 100 ≈ 9.21 

10. 900 = 800𝑒ସ௥  1.125 = 𝑒ସ௥  ln 1.125 = ln 𝑒ସ௥   ln 1.125 = 4𝑟  𝑟 = ୪୬ ଵ.ଵଶହସ ≈ 2.9% 
11. 2𝑎 = 𝑎𝑒଴.଴ଶହ௧  2 = 𝑒଴.଴ଶହ௧  ln 2 = ln 𝑒଴.଴ଶହ௧  ln 2 = 0.025𝑡  𝑡 = ୪୬ ଶ଴.଴ଶହ ≈ 28 hours 12. a) 𝑓(10) = 40𝑒ି଴.଴ଶ଼଻଻(ଵ଴) + 60 ≈ 90°    𝑓(20) = 40𝑒ି଴.଴ଶ଼଻଻(ଶ଴) + 60 ≈ 82.5°  b) 70 = 40𝑒ି଴.଴ଶ଼଻଻௧ + 60   10 = 40𝑒ି଴.଴ଶ଼଻଻௧   0.25 = 𝑒ି଴.଴ଶ଼଻଻௧   ln 0.25 = ln 𝑒ି଴.଴ଶ଼଻଻௧   ln 0.25 = −0.02877𝑡   −1.38629 ≈ −0.02877𝑡   𝑡 ≈ 48 minutes 13. 𝑐(𝑡) = 𝑎𝑒௥௧   𝑐(1) = 1000 = 𝑎𝑒௥     ln(𝑒଺௥) = ln 12  𝑐(7) = 12,000 = 𝑎𝑒଻௥      6𝑟 = ln 12  𝑎 = ଵ଴଴଴௘ೝ       𝑟 = ୪୬ ଵଶ଺ ≈ 0.4142  𝑎 = ଵଶ,଴଴଴௘ళೝ       1000 = 𝑎𝑒௥    ଵ଴଴଴௘ೝ = ଵଶ,଴଴଴௘ళೝ      1000 = 𝑎𝑒଴.ସଵସଶ  ௘ళೝ௘ೝ = ଵଶ,଴଴଴ଵ଴଴଴       𝑎 = ଵ଴଴଴௘బ.రభరమ ≈ 660.9  𝑒଺௥ = 12      𝑐(𝑡) = 660.9𝑒଴.ସଵସଶ௧     
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Chapter 11. Financial Applications 

11.1 Periodic Compound Interest 

1. 𝐴 = 500 ቀ1 + ଴.଴ସଵଶ ቁ(ଵଶ)(ଷ) ≈ $563.64 2. 𝐴 = 500 ቀ1 + ଴.଴ସଷ଺ହቁ(ଷ଺ହ)(ଷ) ≈ $563.74 3. a)  ଴.଴ଷସ = 0.0075 = 0.75%  b)  𝐴(𝑡) = 2000 ቀ1 + ଴.଴ଷସ ቁସ௧       𝐴(5) ≈ $2322.37 
4. a)  ଴.଴ହଵଶ ≈ 0.42%  b)  𝐴(𝑡) = 850 ቀ1 + ଴.଴ହଵଶ ቁଵଶ௧   21 months = 1.75 years   𝐴(1.75) = $927.56 5. a) 𝑓(𝑡) = 2000(1.02)ସ௧  b)  2000(1.02)ସ(ଵ.ହ) ≈ 2252  c)  (1.02)ସ − 1 ≈ 0.0824 = 8.24% 6. a)  0.001 × 365 = 0.365 = 36.5%  b)  100(1.001)ଷ଺ହ ≈ $144  c)  (1.001)ଷ଺ହ − 1 ≈ 1.44 = 44% 7. 1403.60 = 𝑃 ቀ1 + ଴.଴଺଼ଵଶ ቁ଺଴  𝑃 = ଵସ଴ଷ.଺଴ቀଵ ା బ.బలఴభమ ቁలబ ≈ $1,000.00  8. 1,000,000 = 𝑃 ቀ1 + ଴.଴ଷ଺ହଷ଺ହ ቁଷ଺ହ∙ଶ଴  1,000,000 = 𝑃(1.0001)଻ଷ଴଴  𝑃 = ଵ,଴଴଴,଴଴଴(ଵ.଴଴଴ଵ)ళయబబ ≈ $481,926.58 

9. ቀ1 + ଴.଴ସସ ቁସ௧ = 2     log(1.01)ସ௧ = log 2   (1.01)ସ௧ = 2    4𝑡 log 1.01 = log 2        𝑡 = ୪୭୥ଶସ ୪୭୥ଵ.଴ଵ ≈ 17.4 years 10. 8,000 ቀ1 + ଴.଴଺ଵଶ ቁଵଶ௧ = 10,000  ቀ1 + ଴.଴଺ଵଶ ቁଵଶ௧ = 1.25   (1.005)ଵଶ௧ = 1.25  log(1.005)ଵଶ௧ = log 1.25   12𝑡 log 1.005 = log 1.25   𝑡 = ୪୭୥ଵ.ଶହଵଶ ୪୭୥ଵ.଴଴ହ ≈ 3.7 years 

11. 8,000 ቀ1 + ଴.଴଻ସ ቁସ௧ = 10,000  ቀ1 + ଴.଴଻ସ ቁସ௧ = 1.25   (1.0175)ସ௧ = 1.25  log(1.0175)ସ௧ = log 1.25   4𝑡 log 1.0175 = log 1.25   𝑡 = ୪୭୥ଵ.ଶହସ ୪୭୥ଵ.଴ଵ଻ହ ≈ 3.2 years 
11.2 Continuous Compound Interest 1. 𝐴 = 5000𝑒(଴.଴ଷ)(ସ) = $5637.48  2.  𝐴 = 550𝑒(଴.଴଺଺)(ଵ଴) = $1064.14 
3. a) 1000(1.025)ଷ ≈ $1076.89  b) 1000 ቀ1 + ଴.଴ଶହଵଶ ቁ(ଵଶ)(ଷ) ≈ $1077.80  c) 1000𝑒(଴.଴ଶହ)(ଷ) ≈ $1077.88 

4. 30,000 = 𝑃𝑒(଴.଴ହ)(଺)  𝑃 = ଷ଴,଴଴଴௘బ.య  ≈ $22,225 
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5. 𝐴 = 𝑃𝑒௥௧  ஺௉ = 𝑒௥௧  1.25 = 𝑒ଷ௥  ln 1.25 = ln 𝑒ଷ௥    ln 1.25 = 3𝑟  𝑟 = ୪୬ ଵ.ଶହଷ  ≈ 7.4%  
6. 𝐴 = 𝑃𝑒௥௧   3000 = 2500𝑒ହ௥  1.2 = 𝑒ହ௥   ln 1.2 = ln 𝑒ହ௥  ln 1.2 = 5𝑟  𝑟 = ୪୬ ଵ.ଶହ  ≈ 3.6%  7. 90,000𝑒଴.ଵ଴௧ = 80,000𝑒଴.ଵଵ௧  1.125𝑒଴.ଵ଴௧ = 𝑒଴.ଵଵ௧  1.125 = ௘బ.భభ೟௘బ.భబ೟   1.125 = 𝑒଴.଴ଵ௧  ln 1.125 = 0.01𝑡  𝑡 = ୪୬ ଵ.ଵଶହ଴.଴ଵ  ≈ 11.8 years 

11.3 Regular Contributions 1. a)  𝐴 = 𝑃(1 + 𝑟)௧ = 1000(1.04)ହ = $1,216.65  b) 𝑉 = 𝐶 − 𝐶൫1 + 𝑟൯𝑡1 − ൫1 + 𝑟൯  = ଶ଴଴ ି ଶ଴଴(ଵ.଴ସ)ఱଵ ି (ଵ.଴ସ)  = $1,083.26  c)  𝐹 = 𝐴 + 𝑉 = 1216.65 + 1083.26 = $2,299.91 2. For parts a) and b), 1 + ௥௡ = 1 + ଴.଴ଷସ = 1.0075  a)  𝐴 = 𝑃 ቀ1 + ௥௡ቁ௡௧ = 5000(1.0075)ଶସ = $5,982.07  b) 𝑉 = 𝐶 − 𝐶ቀ1 +𝑟𝑛ቁ𝑛𝑡1 − ቀ1 +𝑟𝑛ቁ  = ହ଴଴ ି ହ଴଴(ଵ.଴଴଻ହ)మరଵ ି (ଵ.଴଴଻ହ)  = $13,094.24  c)  𝐹 = 𝐴 + 𝑉 = 5,982.07 + 13,094.24 = $19,076.30 
11.4 Evaluate Loan Formulas 

1. a) 𝑀 = 300,000 ∙  ଴.଴଴ଶହ(ଵ.଴଴ଶହ)యలబ(ଵ.଴଴ଶହ)యలబ ି ଵ   𝑀 ≈ $1,265  b) 𝑀 = 275,000 ∙  ଴.଴଴ଶହ(ଵ.଴଴ଶହ)యలబ(ଵ.଴଴ଶହ)యలబ ି ଵ   𝑀 ≈ $1,159    She can reduce her payments by $106. 
2. 𝑀 = 650,000 ∙ ቀబ.బమఱభమ ቁቀଵ ା బ.బమఱభమ ቁయబబቀଵ ା బ.బమఱభమ ቁయబబ ି ଵ = 650,000 ∙ (଴.଴଴ଶ଴଼)(ଵ.଴଴ଶ଴଼)యబబ(ଵ.଴଴ଶ଴଼)యబబ ି ଵ   𝑀 ≈ $2,915 
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3. 1500 = (500,000 − 𝑥) ∙  ଴.଴଴ଶ(ଵ.଴଴ଶ)యలబ(ଵ.଴଴ଶ)యలబ ି ଵ   1500 ∙  (ଵ.଴଴ଶ)యలబ ି ଵ଴.଴଴ଶ(ଵ.଴଴ଶ)యలబ = 500,000 − 𝑥  𝑥 = −1500 ∙  (ଵ.଴଴ଶ)యలబ ି ଵ଴.଴଴ଶ(ଵ.଴଴ଶ)యలబ +500,000  𝑥 ≈ 115,326.78, so he should make a down payment of $115,327. 
4. 1386.50 = 250,000 ∙ ቀబ.బయభమ ቁቀଵ ା బ.బయభమ ቁ೙ቀଵ ା బ.బయభమ ቁ೙ ି ଵ  
 1386.50 = 250,000 ∙ (଴.଴଴ଶହ)(ଵ.଴଴ଶହ)೙(ଵ.଴଴ଶହ)೙ ି ଵ   1386.50 = 625 ∙ (ଵ.଴଴ଶହ)೙(ଵ.଴଴ଶହ)೙ ି ଵ  2.2184 = (ଵ.଴଴ଶହ)೙(ଵ.଴଴ଶହ)೙ ି ଵ  2.2184(1.0025)௡ − 2.2184 = (1.0025)௡   1.2184(1.0025)௡ = 2.2184   (1.0025)௡ = ଶ.ଶଵ଼ସଵ.ଶଵ଼ସ  𝑛 log 1.0025 = log ଶ.ଶଵ଼ସଵ.ଶଵ଼ସ 
 𝑛 = ୪୭୥మ.మభఴరభ.మభఴర୪୭୥ଵ.଴଴ଶହ ≈ 240 mos, or 20 yrs    
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Chapter 12. Trigonometric Functions 

12.1 Trigonometric Ratios 1. cot𝐴 = ௔ௗ௝௢௣௣ = ଶସ = ଵଶ 2. csc𝐴 = ௛௬௣௢௣௣ = ଶହ଻  
3. csc 45° = ଵୱ୧୬ସହ° = ଶ√ଶ = ଶ√ଶଶ  = √2 4. tan𝜃 = ୱ୧୬ఏୡ୭ୱఏ = భర√భఱర  = ଵ√ଵହ = √ଵହଵହ  
5.  cot 60° = ଵ୲ୟ୬଺଴° = ଵ√ଷ = √ଷଷ  6.  csc 60° = ଵୱ୧୬଺଴° = ଵ√యమ  = ଶ√ଷ = ଶ√ଷଷ  
7. sec 35° = ଵୡ୭ୱଷହ° ≈ 1.221 8. csc 35° = ଵୱ୧୬ଷହ° ≈ 1.743 9. sin and cos are cofunctions, so  sin 𝑥 = cos(90° − 𝑥).    Therefore, cos 20° ≈ 0.9397. 10. sec 𝑥 = csc(90° − 𝑥), so  𝑎 = 90 − 28 = 62° 
11. a) 𝜃 = ଷ଺଴ଵଶ = 30°  b) cot𝜃 = ௛ೣమ = ଶ௛௫ , so ℎ = ଵଶ 𝑥 cot 𝜃  c) cot 30° = √3, so ℎ = √ଷଶ 𝑥  d) 𝐴△ = ଵଶ 𝑏ℎ = ଵଶ (𝑥) ቀ√ଷଶ 𝑥ቁ = √ଷସ 𝑥ଶ  e) 𝐴⬡ = 6 ቀ√ଷସ 𝑥ଶቁ = ଷ√ଷଶ 𝑥ଶ 
12.2 Radians 

1. a) 45 ∙ గଵ଼଴ = గସ rad  b) 270 ∙ గଵ଼଴ = ଷగଶ  rad  c) 150 ∙ గଵ଼଴ = ହగ଺  rad  d) −210 ∙ గଵ଼଴ = −଻గ଺  rad 
2. a) గ଺ ∙ ଵ଼଴గ  = 30°  b) ହగସ ∙ ଵ଼଴గ  = 225°  c) −ଷగହ ∙ ଵ଼଴గ  = −108°  d) ହగଽ ∙ ଵ଼଴గ  = 100°  e) ଼గହ ∙ ଵ଼଴గ  = 288° 3. sin ቀగଷቁ = √ଷଶ ≈ 0.866 4. csc ቀ− ହగ଺ ቁ = ଵୱ୧୬ቀିఱഏల ቁ = −2 
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5. cofunctions of complementary angles are equal, so  గ଺ + 𝑥 = గଶ  ቂగଶ  rad =  90°ቃ   𝑥 = గଶ − గ଺ = గଷ rad 
6. 𝜃 + ቀ𝜃 + గଷቁ = గଶ  [cofunctions]  2𝜃 + గଷ = గଶ  2𝜃 = గ଺  𝜃 = గଵଶ 7. 𝐿 = గସ ∙ 12 = 3𝜋 ≈ 9.4 inches 8. 𝐿 = 2 ∙ 4 = 8 inches 9. 8𝜋 = 𝜃 ∙ 10 𝜃 = 4𝜋ହ  rad 10. 65 = 5𝑟  𝑟 = 13 feet 

12.3 Unit Circle 1. (4) 2. (2) 3. (4) 4. (2)  (cos 30° , sin 30°) = ቀ√ଷଶ , ଵଶቁ 5.  

   − cos 70° 

6.  

   − sin 50° 7. tan 50° [230° − 180° = 50°] 8. sin 135° = sin 45° = √ଶଶ  
9. sin ସగଷ  = − sin గଷ = −√ଷଶ  10. sin ଷగଶ  + cos ଶగଷ  = −1 + ቀ− ଵଶቁ = −ଷଶ 
11. cos 120° = − cos 60° = −ଵଶ 12. sin 145° = sin 35° ≈ 0.574   
13. (− cos 30° ,− sin 30°) = ቀ− √ଷଶ ,−ଵଶቁ  14. 400° − 360° = 40°  (cos 40° , sin 40°) ≈ (0.766, 0.643)     
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12.4 Solve Simple Trigonometric Equations 1. cos 𝜃 = ଵଶ  cosିଵ ቀଵଶቁ = 60° 2. cos 𝜃 = √ଶଶ   cosିଵ ቀ√ଶଶ ቁ = 45° 
3. cos 𝜃 = √ଷଶ   cosିଵ ቀ√ଷଶ ቁ = 30°    m∠𝜃 = 180° + 30° = 210° 

4. cos 𝜃 = 0.6 
 cosିଵ(0.6) ≈ 53°   m∠𝜃 ≈ 360° − 53° ≈ 307° 

5. Points are in Quadrants I and IV  𝑅 = cosିଵ(0.25) ≈ 75.5°  360° − 75.5° = 284.5°  Solutions:  75.5° and 284.5° 
6. Points are in Quadrants II and III  𝑅 = cosିଵ(0.75) ≈ 41.4°  180° − 41.4° = 138.6° and    180° + 41.4° = 221.4°  Solutions:  138.6° and 221.4° 7. Points are in Quadrants I and II  𝑅 = sinିଵ(0.99) ≈ 81.9°  180° − 81.9° = 98.1°  Solutions:  81.9° and 98.1° 
8. Points are in Quadrants III and IV  𝑅 = sinିଵ ቀଵଷቁ ≈ 19.5°  180° + 19.5° = 199.5° and    360° − 19.5° = 340.5°  Solutions:  199.5° and 340.5° 

12.5 Circles of Any Radius 

1. cot𝜃 = ௫௬ = ିଷିସ = ଷସ 2. tan𝜃 = ௬௫ = ି√ଶି√ଶ = 1 3. 𝑟 = ඥ(−3)ଶ + 4ଶ = √25 = 5  sin𝜃 = ௬௥  = ସହ 4. 𝑟 = ඥ(−4)ଶ + 0ଶ = √16 = 4  sec𝜃 = ௥௫ = ସିସ = −1 5. 𝑟 = ඥ(−3)ଶ + 2ଶ = √13   csc𝜃 = ௥௬ = √ଵଷଶ  6. 𝑟 = ඥ(−8)ଶ + 5ଶ = √89  sec𝜃 = ௥௫ = −√଼ଽ଼  7. 𝑟 = ඥ(−7)ଶ + 5ଶ = √74  sin𝜃 = ௬௥  = ହ√଻ସ = ହ√଻ସ଻ସ   cos 𝜃 = ௫௥ = − ଻√଻ସ = −଻√଻ସ଻ସ   tan𝜃 = ௬௫ = −ହ଻ 
8. 𝑟 = ඥ3ଶ + (−7)ଶ = √58  csc𝜃 = ௥௬ = −√ହ଼଻   sec𝜃 = ௥௫ = √ହ଼ଷ   cot𝜃 = ௫௬ = −ଷ଻ 
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9. In Quadrant I, 𝑥 > 0 and 𝑦 > 0.  sin𝜃 = ௬௥, so 𝑦 = 4 and 𝑟 = 5  𝑥ଶ + 4ଶ = 5ଶ, so 𝑥 = 3  cot𝜃 = ௫௬ = ଷସ  
10. In Quadrant IV, 𝑥 > 0 and 𝑦 < 0.  cos 𝜃 = ௫௥, so 𝑥 = √3 and 𝑟 = 2  ൫√3൯ଶ + 𝑦ଶ = 2ଶ, so 𝑦 = −1  sin𝜃 = ௬௥  = −ଵଶ 11. In Quadrant III, 𝑥 < 0 and 𝑦 < 0.  sec𝜃 = ௥௫, so 𝑥 = −2 and 𝑟 = 5  (−2)ଶ + 𝑦ଶ = 5ଶ, so 𝑦 = −√21  sin𝜃 = ௬௥  = −√ଶଵହ  
12. cos 𝜃 = ௫௥, so 𝑥 = √2 and 𝑟 = 3  ൫√2൯ଶ + 𝑦ଶ = 3ଶ, so 𝑦 = −√7  [reject 𝑦 = √7 because 𝑦 = sin𝜃 < 0]  tan𝜃 = ௬௫ = −√଻√ଶ = −√ଵସଶ  13. In Quadrant III, 𝑥 < 0 and 𝑦 < 0.  tan𝜃 = ௬௫, so 𝑥 = −5 and 𝑦 = −3  5ଶ + 3ଶ = 𝑟ଶ, so 𝑟 = √34  [reject 𝑟 = −√34 because 𝑟 > 0]  sec𝜃 = ௥௫ = −√ଷସହ  
14. In Quadrant II, 𝑥 < 0 and 𝑦 > 0.  cot𝜃 = ௫௬, so 𝑥 = −3√2 and 𝑦 = 2  ൫−3√2൯ଶ + 2ଶ = 𝑟ଶ, so 𝑟 = √22.  [reject 𝑟 = −√22 because 𝑟 > 0]  sin𝜃 = ௬௥  = ଶ√ଶଶ = ଶ√ଶଶଶଶ  = √ଶଶଵଵ  15. (𝑥,𝑦) = (𝑟 cos𝜃 , 𝑟 sin𝜃)  2 cos గ଺ = 2 ∙ √ଷଶ  = √3 and 2 sin గ଺ = 2 ∙ ଵଶ = 1  𝑃൫√3, 1൯ 

12.6 Pythagorean Identity 1. sinଶ 𝜃 = 1 − cosଶ 𝜃  sinଶ 𝜃 = 1 − ቀଵଶቁଶ  sinଶ 𝜃 = 1 − ଵସ = ଷସ  sin𝜃 = −ටଷସ = −√ଷଶ     (sin is negative in Quadrant IV) 

2. cosଶ 𝜃 = 1 − sinଶ 𝜃  cosଶ 𝜃 = 1 − ቀ−√ଶଶ ቁଶ  cosଶ 𝜃 = 1 − ଵଶ = ଵଶ  cos 𝜃 = −ටଵଶ = − ଵ√ଶ = −√ଶଶ   (cos is negative in Quadrant III) 3. sinଶ 𝜃 = 1 − cosଶ 𝜃  sinଶ 𝜃 = 1 − ቀଵଷቁଶ  sinଶ 𝜃 = 1 − ଵଽ = ଽ଼  sin𝜃 = ටଽ଼ = √ଷ଼     (sin is positive in Quadrant I) 

4. cosଶ 𝜃 = 1 − sinଶ 𝜃  cosଶ 𝜃 = 1 − ቀ√ଷସ ቁଶ  cosଶ 𝜃 = 1 − ଷଵ଺ = ଵଷଵ଺  cos 𝜃 = −ටଵଷଵ଺ = −√ଵଷସ   (cos is negative in Quadrant II) 
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5. If sec𝜃 = 2, then cos 𝜃 = ଵଶ  sinଶ 𝜃 = 1 − ቀଵଶቁଶ  sinଶ 𝜃 = 1 − ଵସ = ଷସ  sin𝜃 = −ටଷସ = −√ଷଶ   (sin is negative in Quadrant IV)  csc𝜃 = ଵୱ୧୬ఏ = − ଶ√ଷ = −ଶ√ଷଷ  

6. If csc𝜃 = −√5, then sin𝜃 = − ଵ√ହ  cosଶ 𝜃 = 1 − ቀ− ଵ√ହቁଶ  cosଶ 𝜃 = 1 − ଵହ = ସହ  cos 𝜃 = −ටସହ = − ଶ√ହ  (cos is negative in Quadrant III)  tan𝜃 = ୱ୧୬ఏୡ୭ୱఏ = ି భ√ఱି మ√ఱ = ଵଶ  
7. cosଶ 𝜃 = 1 − ቀ ଽଵ଴ቁଶ  cosଶ 𝜃 = 1 − ଼ଵଵ଴଴ = ଵଽଵ଴଴  cos 𝜃 = √19ଵ଴  (cos is positive) 

8. sinଶ 𝜃 = 1 − ቀସଽቁଶ  sinଶ 𝜃 = 1 − ଵ଺଼ଵ = ଺ହ଼ଵ  sinθ = −√65ଽ  (sin is negative) 
12.7 Simplify Trigonometric Expressions 

1. sec 𝑥 cot 𝑥 = ଵୡ୭ୱ௫ ∙ ୡ୭ୱ௫ୱ୧୬௫  = ଵୱ୧୬௫ = csc 𝑥  2. tan 𝑥 csc 𝑥 = ୱ୧୬௫ୡ୭ୱ௫ ∙ ଵୱ୧୬௫ = ଵୡ୭ୱ௫ = sec 𝑥  3. sin 𝑥 cos 𝑥 tan 𝑥 =  sin 𝑥 cos 𝑥 ∙ ୱ୧୬௫ୡ୭ୱ௫ = sinଶ 𝑥 4. ୱ୧୬ఏୡୱୡఏ = ୱ୧୬ఏభ౩౟౤ഇ  = sinଶ 𝜃 
5. sinଶ 𝜃 csc𝜃 = sinଶ 𝜃 ∙ ଵୱ୧୬ఏ = sin𝜃 6. ୲ୟ୬ఏୱ୧୬ఏ  = ౩౟౤ഇౙ౥౩ഇୱ୧୬ఏ  = ୱ୧୬ఏୡ୭ୱఏ ∙ ଵୱ୧୬ఏ = ଵୡ୭ୱఏ = sec𝜃  
7. ୡ୭୲ ௫ୡୱୡ௫ = ౙ౥౩ೣ౩౟౤ೣభ౩౟౤ೣ  = ୡ୭ୱ௫ୱ୧୬௫ ∙ sin 𝑥 = cos 𝑥   8. ୡ୭୲ ௫ ୱ୧୬௫ୱୣୡ௫  = ౙ౥౩ೣ౩౟౤ೣ  ∙ ୱ୧୬௫భౙ౥౩ೣ  = cosଶ 𝑥 
9. ଵ ି ୱ୧୬మ ఏୡ୭ୱఏ  = ୡ୭ୱమ ఏୡ୭ୱఏ  = cos 𝜃  10. ଵ ି ୱ୧୬మ ௫ୡ୭ୱమ ௫  = ୡ୭ୱమ ௫ୡ୭ୱమ ௫ = 1 
11. ୱ୧୬మ ௫ ା ୡ୭ୱమ ௫ଵ ି ୱ୧୬మ ௫  = ଵୡ୭ୱమ ௫ = secଶ 𝑥 12. cos 𝑥 (cos 𝑥 + 1) + sinଶ 𝑥 =  cosଶ 𝑥 + cos 𝑥 + sinଶ 𝑥 =  cos 𝑥 + 1 13. cos 𝑥 (sec 𝑥 − cos 𝑥) =  cos 𝑥 ቀ ଵୡ୭ୱ௫ − cos 𝑥ቁ =  1 − cosଶ 𝑥 = sinଶ 𝑥 

14. sinଶ 𝑥 (1 + cotଶ 𝑥) =  sinଶ 𝑥 (1 + ୡ୭ୱమ ௫ୱ୧୬మ ௫) =  sinଶ 𝑥 + cosଶ 𝑥 = 1 



 

63  

15. ଶ ି ଶୱ୧୬మ ௫ୡ୭ୱ௫  = ଶ(ଵ ି ୱ୧୬మ ௫)ୡ୭ୱ௫  = ଶ ୡ୭ୱమ ௫ୡ୭ୱ௫  =2 cos 𝑥  
16. sec 𝑥 − tan 𝑥 sin 𝑥 =   ଵୡ୭ୱ௫ − ୱ୧୬௫ୡ୭ୱ௫ ∙ sin 𝑥 = ଵୡ୭ୱ௫ − ୱ୧୬మ ௫ୡ୭ୱ௫  = ଵ ି ୱ୧୬మ ௫ୡ୭ୱ௫  = ୡ୭ୱమ ௫ୡ୭ୱ௫  = cos 𝑥 17. cscଶ 𝑥 (1 + sin 𝑥)(1 − sin 𝑥) =  ଵୱ୧୬మ ௫ (1 − sinଶ 𝑥) = ୡ୭ୱమ ௫ୱ୧୬మ ௫  = cotଶ 𝑥 18. ୲ୟ୬మ ௫ିୱୣୡమ ௫ୡ୭୲మ ௫ିୡୱୡమ ௫  = ౩౟౤మ ೣౙ౥౩మ ೣି భౙ౥౩మ ೣౙ౥౩మ ೣ౩౟౤మ ೣି భ౩౟౤మ ೣ = ౩౟౤మ ೣషభౙ౥౩మ ೣౙ౥౩మ ೣషభ౩౟౤మ ೣ  

= ౙ౥౩మ ೣౙ౥౩మ ೣ౩౟౤మ ೣ౩౟౤మ ೣ  = ଵଵ = 1 
12.8 Graphs of Parent Trig Functions 1. (4) 2. (3) 3. (3) 4. (4) 5. (2) 6. (4) 
12.9 Trigonometric Transformations 1. amplitude is 2; period is 2𝜋 2. amplitude is 3; frequency is 2; each period has a length of 𝜋 3. (3) 4. (2) 5. 𝑝 = ଶగ|ସ| = గଶ 6. 𝑓 = ଶగగ = 2 7. 𝑝 = ଶగ|ଶ(ିସ)| = గସ 8. 𝑓 = ଶగഏల = 2𝜋 ∙ ଺గ = 12 
9. amplitude is ଶଷ  frequency is 4  each period is ଶగସ = గଶ (or 90°) long 

10. midline is 𝑦 = 4  frequency is |2 ∙ 3| = 6  each period is ଶగ଺ = గଷ (or 60°) long 11. 3; There is no vertical shift and the amplitude is 3. 12. −ଵଷ; There is no vertical shift and the amplitude is ଵଷ. 13. 6; The amplitude is 2 plus there is a vertical shift of 4. 14. −5; The amplitude is 2 and there is a vertical shift of 3 units down.    (The negation of a does not affect the 
amplitude; it merely reflects the graph over 
the midline.] 
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15. midline is 𝑦 = 0  amplitude is 4  period is 𝜋  phase shift is గଶ to the right 
16. midline is 𝑦 = −5  amplitude is ଵଶ  period is ଶగଷ   phase shift is గ଺ to the left 17. (2)  18. If the sine graph is shifted left by గଶ, then it will coincide with the cosine graph, so  ℎ = గଶ. 

12.10 Graph Trigonometric Functions 1.  

   𝑦 = 3 sin 2𝑥 

2. 

   𝑦 = 4 cos 𝑥 − 2 3.  

  

4. 
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5.  

   2 points of intersection.  𝑔 ቀగ଺ቁ = −2 cos గ଺ = −2 ∙ √ଷଶ = −√3 

6. 

   Solve for x:  4 cos 𝑥 ≥ 2  cos 𝑥 ≥ ଵଶ  𝑥 ≥ cosିଵ ଵଶ  −గଷ ≤ 𝑥 ≤ గଷ 
12.11 Model Trigonometric Functions 1. (4) 2. 30 + 27 = 57 feet. 3. ଶగഏయ  = 6 seconds 4. a) 1 cycle is ଶగഏఱ  = 10 secs, so a 40-sec ride would complete 4 revolutions.  b) Radius is 20 (the amplitude).  c) The base is 24 − 20 = 4 feet off the ground. 
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5. 

   𝑑(𝑡) = sin 𝑡 



 

67  

6. 

 The minimum value of the cosine function is –1. 10(−1) + 20 = 10, so the minimum price is $10.  The price is $10 when 10 cos ቀగହ 𝑡ቁ + 20 = 10  10 cos ቀగହ 𝑡ቁ = −10  cos ቀగହ 𝑡ቁ = −1  cosିଵ(−1) = 𝜋,  so గହ 𝑡 = 𝜋 or 𝑡 = 5 (year 1985). Each period is ଶగഏఱ  = 10, so the price cycles every 10 years.   The minimum price of $10 occurs in 1985, 1995, and 2005. 
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7.     8 cos 𝑡 + 78 = 80  8 cos 𝑡 = 2  cos 𝑡 = ଵସ  cosିଵ ଵସ ≈ 1.3 (left of the interval)  Since the period is 2𝜋, the graph intersects  𝑦 = 80 at: 𝑥 = 2𝜋 + 1.3 ≈ 7.6  𝑥 = 4𝜋 − 1.3 ≈ 11.3  𝑥 = 4𝜋 + 1.3 ≈ 13.9   (See below) 
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Chapter 13. Properties of Functions 

13.1 Compare Functions 1. (3)  2. (2) All of the others have a maximum of 1 3. 𝑔(𝑥) and 𝑗(𝑥).  log 0 and ଵ଴ are both undefined.  Both graphs have asymptotes at 𝑥 = 0. 
4. ℎ(𝑥) and 𝑗(𝑥).  Neither 𝑒௫ nor ଵ௫ can equal 0 for any x.  Both graphs have asymptotes at 𝑦 = 0. 5. 𝑏(0) = −4  𝑐(0) = −2   𝑎(0) = 0  𝑑(0) = 1  𝑓(0) = 2 
6. 𝑓(𝑥) has 0 (roots are imaginary),   𝑑(𝑥) has 1 at 𝑥 = −9,  𝑏(𝑥) has 2 at 𝑥 = {−2, 2}  𝑐(𝑥) has 3 at 𝑥 = {−2,−1, 1}  𝑎(𝑥) has an infinite number 

13.2 Even and Odd Functions 1. even (all even powers of x including the constant) 2. neither (odd powers of x except the constant) 3. odd 4. neither 5. even 6. odd 7. (2) 8. (1) 
13.3 Algebraically Determine Even or Odd [CC] 1. even  𝑓(−𝑥) = (−𝑥)ସ − 3(−𝑥)ଶ + 7 =    𝑥ସ − 3𝑥ଶ + 7 = 𝑓(𝑥) 2. neither  𝑓(−𝑥) = (−𝑥)ହ − 3(−𝑥)ଷ + 7 =    −𝑥ହ + 3𝑥ଷ + 7 3. odd  𝑓(−𝑥) = ଵି௫ = − ଵ௫ = −𝑓(𝑥)  4. even  𝑓(−𝑥) = ቚ ଵି௫ቚ = ଵ௫ = 𝑓(𝑥)  5. neither  𝑓(−𝑥) = 2ି௫ − 1 = ଵଶೣ − 1   

6. odd  𝑓(−𝑥) = (ି௫)మ ା ସ(ି௫)య ି (ି௫) = ௫మ ା ସି௫య ା ௫ = ௫మ ା ସି(௫య ି ௫) = −ቀ௫మ ା ସ௫య ି ௫ቁ = −𝑓(𝑥) 
13.4 Inverse Functions 1. (2) 
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2. 𝑥 = 5𝑦 + 2  𝑥 − 2 = 5𝑦  ௫ ି ଶହ  = 𝑦  𝑓ିଵ(𝑥) = ௫ ି ଶହ      
3. 𝑥 = ଶ௬ ା ହଷ    3𝑥 = 2𝑦 + 5  3𝑥 − 5 = 2𝑦  ଷ௫ ି ହଶ  = 𝑦   𝑓ିଵ(𝑥) = ଷ௫ ି ହଶ  4. 𝑥 = −ଶଷ 𝑦  −ଷଶ 𝑥 = 𝑦  𝑓ିଵ(𝑥) = −ଷଶ 𝑥 
5. 𝑥 = ଵଷ 𝑦 + 2  𝑥 − 2 = ଵଷ 𝑦  3(𝑥 − 2) = 𝑦  3𝑥 − 6 = 𝑦  𝑓ିଵ(𝑥) = 3𝑥 − 6 6. 𝑥 = 𝑦ଶ − 5  𝑥 + 5 = 𝑦ଶ  ±√𝑥 + 5 = 𝑦  𝑓ିଵ(𝑥) = ±√𝑥 + 5 
7. 𝑥 = (𝑦 − 2)ଷ  √𝑥య = 𝑦 − 2  √𝑥య + 2 = 𝑦  𝑓ିଵ(𝑥) = √𝑥య + 2 8. 𝑥 = 3௬ + 1  𝑥 − 1 = 3௬  logଷ(𝑥 − 1) = logଷ 3௬  logଷ(𝑥 − 1) = 𝑦  𝑓ିଵ(𝑥) = logଷ(𝑥 − 1)  
9. 𝑥 = log(𝑦 − 2) + 3  𝑥 − 3 = log (𝑦 − 2)  10(௫ିଷ) = 𝑦 − 2  10(௫ିଷ) + 2 = 𝑦  𝑓ିଵ(𝑥) = 10(௫ିଷ) + 2 

10. 𝑥 = ௬௬ ା ଶ   𝑥(𝑦 + 2) = 𝑦  𝑥𝑦 + 2𝑥 = 𝑦  2𝑥 = 𝑦 − 𝑥𝑦  2𝑥 = 𝑦(1 − 𝑥)  ଶ௫ଵ ି ௫ = 𝑦  𝑓ିଵ(𝑥) =  ଶ௫ଵ ି ௫  

11. 𝑥 = sin𝑦 − 1  𝑥 + 1 = sin𝑦  arcsin(𝑥 + 1) = 𝑦  𝑝ିଵ(𝑥) = arcsin(𝑥 + 1)   Note: parentheses are important here. 
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12. a)  𝑥 = √2  b)  𝑥 = 𝑦ଶ − 2   𝑥 + 2 = 𝑦ଶ   √𝑥 + 2 = 𝑦   𝑓ିଵ(𝑥) = √𝑥 + 2  c) 

 

13. a) 2√𝑥 + 1 − 1 = 0   √𝑥 + 1 = ଵଶ   𝑥 + 1 = ଵସ   𝑥 = −ଷସ  b) 𝑥 = 2ඥ𝑦 + 1 − 1   ௫ାଵଶ = ඥ𝑦 + 1   𝑦 = ቀ௫ାଵଶ ቁଶ − 1   𝑓ିଵ(𝑥) = ቀ௫ାଵଶ ቁଶ − 1  c) 

 
13.5 Average Rate of Change 

1. a)  ଵଷଽ ି ଻ଽ଼଴ ି ଺଴  = ଺଴ଶ଴ = 3  b)  ସଽ ି ଵଷଽଽ଴ ି ଼଴  = ିଽ଴ଵ଴  = −9  c)  ସଽ ି ଻ଽଽ଴ ି ଺଴ = ିଷ଴ଷ଴  = −1 2. a) ହ.଴଺ ି ଷ.ଽଵଵଽଽଽ ି ଵଽ଼଻ = ଵ.ଵହଵଶ  ≈ 0.096  b)  ଻.ହ଴ ି ହ.଴଺ଶ଴଴ଽ ି ଵଽଽଽ = ଶ.ସସଵ଴  ≈ 0.244 3. 𝑓(5) = 5ଶ + 2 = 27   𝑓(15) = 15ଶ + 2 = 227   𝑅 = ଶଶ଻ ି ଶ଻ଵହ ି ହ  = ଶ଴଴ଵ଴  = 20 4. 𝑓(−3) = (−3)ଶ + 10(−3) + 16 = −5   𝑓(3) = 3ଶ + 10(3) + 16 = 55   𝑅 = ହହ ି (ିହ)ଷ ି (ିଷ)  = ଺଴଺  = 10 5. 𝑓(−1) = (−1)ସ + 2(−1)ଷ = −1  𝑓(1) = 1ସ + 2(1ଷ) = 3  𝑅 = ଷ ି (ିଵ)ଵ ି (ିଵ) = ସଶ = 2  6. 𝑓 ቀగଶቁ = 2 ∙ 1 = 2   𝑓 ቀଷగଶ ቁ = 2 ∙ (−1) = −2   𝑅 = ିଶ ି ଶయഏమ  ି ഏమ  = − ସగ  
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13.6 Solutions to Equation of Two Functions 1. 

 Real solutions:  𝑥 = {−0.58, 1} 

2. 

 Real solutions:  𝑥 = {−4.89, 0.82} 3.  

 Real solutions:  𝑥 = {– 0.85, 1} 

4. 

 Real solutions:  𝑥 = {– 2.31, – 1.28, 2.19} 
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5. 𝑥 = {0, 4} 

  6. a) Graph shown to the right.   Real solutions:  𝑥 = {−2, 1}  b) 𝑥ସ + 𝑥ଷ + 𝑥 = 𝑥ଶ + 2   𝑥ସ + 𝑥ଷ − 𝑥ଶ + 𝑥 − 2 = 0   We know –2 and 1 are roots, so   − − −
− −
− −

2 1 1 1 1 22 2 2 21 1 1 1 | 0    (𝑥 + 2)(𝑥ଷ − 𝑥ଶ + 𝑥 − 1) = 0   − −1 1 1 1 11 0 11 0 1 | 0    (𝑥 + 2)(𝑥 − 1)(𝑥ଶ + 1) = 0   This leaves us 𝑥ଶ + 1 = 0,    which gives us 𝑥 = ±𝑖.   Solutions are 𝑥 = {−2, 1,−𝑖, 𝑖}    
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13.7 Solutions to Inequality of Two Functions [NG] 1.  

  Solution:  −1.5 ≤ 𝑥 ≤ 2 

2.  

  Solution:  𝑥 < 1 3. 

  Solution:  𝑥 ≤ −2 or 𝑥 ≥ 0 

4. 

  Solution:  −2 < 𝑥 < −1 or 𝑥 > 1    
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Chapter 14. Sequences and Series 

14.1 Arithmetic Sequences 1. 𝑎ଵ = 32 and 𝑑 = 5  𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑  𝑎௡ = 32 + (𝑛 − 1) ∙ 5  𝑎௡ = 32 + 5𝑛 − 5  𝑎௡ = 5𝑛 + 27 
2. 𝑎ଵ = 24 and 𝑑 = −7  𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑  𝑎௡ = 24 + (𝑛 − 1)(−7)  𝑎௡ = 24 − 7𝑛 + 7  𝑎௡ = −7𝑛 + 31 3. 𝑎ଵ = −1 and 𝑑 = ଵଶ  𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑  𝑎௡ = −1 + (𝑛 − 1) ∙ ଵଶ  𝑎௡ = −1 + ଵଶ 𝑛 − ଵଶ  𝑎௡ = ଵଶ 𝑛 − ଷଶ 
4. 𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑  𝑎଼ = 21 + (8 − 1) ∙ 9 = 84 

5. 𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑  𝑎ଵଶ = 16 + (12 − 1) ∙ 11 = 137 6. 𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑  𝑎ଽ = 35 + (9 − 1) ∙ (−5) = −5 7. 𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑    𝑎ଶ଻ = 5 + (27 − 1) ∙ 3 = 83 8. 𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑  𝑎ଶ଴ = −8 + (20 − 1) ∙ 6 = 106  9. (6, 10) and (21, 55)   𝑑 = ହହ ି ଵ଴ଶଵ ି ଺  = ସହଵହ = 3   𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑   10 = 𝑎ଵ + (6 − 1) ∙ 3   10 = 𝑎ଵ + 15   𝑎ଵ = −5   𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑   𝑎௡ = −5 + (𝑛 − 1) ∙ 3   𝑎௡ = −5 + 3𝑛 − 3   𝑎௡ = 3𝑛 − 8  

10. (4, – 23) and (22, 49)   𝑑 = ସଽ ି (ିଶଷ)ଶଶ ି ସ  = ଻ଶଵ଼ = 4  𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑   −23 = 𝑎ଵ + (4 − 1) ∙ 4   −23 = 𝑎ଵ + 12   𝑎ଵ = −35   𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑   𝑎௡ = −35 + (𝑛 − 1) ∙ 4   𝑎௡ = −35 + 4𝑛 − 4   𝑎௡ = 4𝑛 − 39 11. (3, 29) and (15, 53)     a) 𝑑 = ହଷ ି ଶଽଵହ ି ଷ  = ଶସଵଶ = 2  𝑎௡ = 𝑎ଵ + (𝑛 − 1)𝑑   b) 𝑎ଵ଴ = 2(10)+ 23 = 43  29 = 𝑎ଵ + (3 − 1) ∙ 2    There are 43 seats in the tenth row.  29 = 𝑎ଵ + 4  𝑎ଵ = 25  𝑎௡ = 25 + (𝑛 − 1) ∙ 2  𝑎௡ = 2𝑛 + 23    
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14.2 Geometric Sequences 1. 𝑎௡ = 𝑎ଵ𝑟௡ିଵ  𝑎௡ = 6(3)௡ିଵ  𝑎௡ = ଺(ଷ)೙ଷ    𝑎௡ = 2(3)௡ 
2. 𝑎௡ = 𝑎ଵ𝑟௡ିଵ  𝑎௡ = 12(0.5)௡ିଵ  𝑎௡ = ଵଶ(଴.ହ)೙଴.ହ    𝑎௡ = 24(0.5)௡ 3. 𝑎௡ = 𝑎ଵ𝑟௡ିଵ  𝑎௡ = −2(−4)௡ିଵ  𝑎௡ = ିଶ(ିସ)೙ିସ    𝑎௡ = 0.5(−4)௡ 
4. 𝑎௡ = 𝑎ଵ𝑟௡ିଵ  𝑎௡ = −1(−2)௡ିଵ  𝑎௡ = ିଵ(ିଶ)೙ିଶ    𝑎௡ = 0.5(−2)௡ 5. 𝑎௡ = 4(2.5)௡ିଵ  𝑎௡ = ସ(ଶ.ହ)೙ଶ.ହ    𝑎௡ = 1.6(2.5)௡ 
6. 𝑎௡ = 𝑎ଵ𝑟௡ିଵ  𝑎ଽ = 16(2)ଽିଵ = 16(2)଼ = 4,096  

7. 𝑎௡ = 𝑎ଵ𝑟௡ିଵ  𝑎ହ = 12(−3)ସ = 972 8. 𝑎௡ = 𝑎ଵ𝑟௡ିଵ  𝑎଻ = 8(1.5)଺ = 91.125 9. 𝑎௡ = 𝑎ଵ𝑟௡ିଵ  𝑎ଵହ = 5(−2)ଵସ = 81,920   10. 𝑎௡ = 𝑎ଵ𝑟௡ିଵ   𝑎଻ = 6 ቀ− ଵଶቁ଺ = 6 ቀ ଵଶలቁ = ଺଺ସ = ଷଷଶ  (Using the calculator, 𝑎଻ = 0.09375.) 11. a) 𝑟଺ିଷ = ଷ଺ସହଵଷହ   𝑟ଷ = 27   𝑟 = √27య = 3   𝑎଺𝑟ସ = 𝑎ଵ଴   𝑎ଵ଴ = 3645(3)ସ = 295,245  b)  𝑎௡ = 𝑎ଵ𝑟௡ିଵ  135 = 𝑎ଵ(3)ଷିଵ  135 = 𝑎ଵ(9)  𝑎ଵ = 15  𝑎௡ = 15(3)௡ିଵ = ଵହ(ଷ)೙ଷ = 5(3)௡ 

12. a) 𝑟ଵ଴ିହ = ଵଵଶ,଺ସ଴ଷ,ହଶ଴   𝑟ହ = 32  𝑟 = √32ఱ = 2  𝑎ହ𝑟ଷ = 𝑎଼  𝑎଼ = 3520(2)ଷ = 28,160 b) 𝑎௡ = 𝑎ଵ𝑟௡ିଵ  3520 = 𝑎ଵ(2)ହିଵ  3520 = 𝑎ଵ(16)  𝑎ଵ = 220  𝑎௡ = 220(2)௡ିଵ = ଶଶ଴(ଶ)೙ଶ = 110(2)௡    
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14.3 Recursively Defines Sequences 1. 𝑎ଵ = 6  𝑎௡ = 𝑎௡ିଵ + 4 2. 𝑎ଵ = 8  𝑎௡ = 3𝑎௡ିଵ 3. 𝑎ଵ = 16  𝑎௡ = −0.5𝑎௡ିଵ 4. 𝑎ଵ = 3  𝑎ଶ = 2(3) + 1 = 7  𝑎ଷ = 2(7) + 1 = 15  𝑎ସ = 2(15) + 1 = 31  3, 7, 15, 31 5. 𝑎ଵ = 3  𝑎ଶ = 2(3)− 4 = 2  𝑎ଷ = 2(2)− 4 = 0  𝑎ସ = 2(0)− 4 = −4  3, 2, 0,−4 
6. 𝑎ଶ = 3 + 2 = 5   𝑎ଷ = 5 + 3 = 8  𝑎ସ = 8 + 4 = 12  3, 5, 8, 12  Neither; there is no common difference nor common ratio. 7. 𝑎ଶ = 3(2) + 2 = 8  𝑎ଷ = 3(8) + 3 = 27  𝑎ସ = 3(27) + 4 = 85  2, 8, 27, 85 
8. 𝑎ଶ = 2(−3) − 2 = −8  𝑎ଷ = 2(−8) − 3 = −19  𝑎ସ = 2(−19)− 4 = −42  −3,−8,−19,−42 9. 𝑎ଵ = 2  𝑎ଶ = 3  𝑎௡ = 𝑎௡ିଶ ∙ 𝑎௡ିଵ for 𝑛 > 2 10. a) 𝑎ଵ = 40    𝑎ଶ = 8    𝑎௡ = ଵଶ (𝑎௡ିଶ + 𝑎௡ିଵ), for 𝑛 > 2  b) 40, 8, 24, 16, 20, 18, 19, …   First odd term is 𝑎଻. 

14.4 Sigma Notation 1. 3(2) + 3(3) + 3(4) + 3(5) =   6 + 9 + 12 + 15 = 42 2. (2ଶ − 1) + (3ଶ − 1) + (4ଶ − 1) + (5ଶ − 1)  = 3 + 8 + 15 + 24 = 50  3. −2(1) + 100 − 2(2) + 100 − 2(3) +100 − 2(4)+ 100 − 2(5) + 100 =   −30 + 500 = 470  4. (2ଷ + 2) + (2ସ + 2) + (2ହ + 2) =   10 + 18 + 34 = 62  5. (1ଶ + 1) + (2ଶ + 2) + (3ଶ + 3) +   (4ଶ + 4) + (5ଶ + 5) =   2 + 6 + 12 + 20 + 30 = 70 6. (2 − 1)ଶ + (2 − 2)ଶ + (2 − 3)ଶ =   1 + 0 + 1 = 2 
7. 3(2)଴ + 3(2)ଵ + 3(2)ଶ =  3 + 6 + 12 = 21 8. (−3ଶ + 3) + (−4ଶ + 4) + (−5ଶ + 5) =   −6 − 12 − 20 = −38 9. (−1ସ − 1) + (−2ସ − 2) + (−3ସ − 3) =   −2 − 18 − 84 = −104 10. (2 ∙ 1 + 1)଴ + (2 ∙ 2 + 1)ଵ + (2 ∙ 3 + 1)ଶ = 1 + 5 + 49 = 55  11. (3) 12. (4) 13. (2) 14. (4) 
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15. 13567(0) + 294 = 294  13567(1) + 294 = 13861  13567(2) + 294 = 27428  Sum is $41,583 
14.5 Arithmetic Series 

1. ( )
5

1 2 1
k

k
=

+  
 𝑆ହ = ହ(ଷ ା ଵଵ)ଶ  = 35 

2. ( )
7

1 4 3
k

k
=

+  
 𝑆଻ = ଻(଻ ା ଷଵ)ଶ  = 133 

3. ( )
6

1 4 21
k

k
=

+  
 𝑆଺ = ଺(ଶହ ା ସହ)ଶ  = 210 

4. ( )1 2 3n

k
k

=
+   2𝑛 + 3 = 43  𝑛 = 20  ( )

20
1 2 3

k
k

=
+  

5. ( )1 2 1n

k
k

=
−   2𝑛 − 1 = 39  𝑛 = 20  ( )

20
1 2 1

k
k

=
−     

6. ( )1 12 1n

k
k

=
−   12𝑛 − 1 = 119  𝑛 = 10  ( )

10
1 12 1

k
k

=
− = 650 

7. 17n

k
k

=
   7𝑛 = 105  𝑛 = 15  15

17
k

k
=
 = 840 

8. ( )1 8 10n

k
k

=
+   8𝑛 + 10 = 122  𝑛 = 14  ( )

14
1 8 10

k
k

=
+ = 980 

9. 𝑆௡ = ௡(௔భ ା ௔భ ା (௡ ି ଵ)ௗ)ଶ   𝑆ଵଽ = ଵଽ(ଷ ା ଷ ା (ଵଽ ି ଵ) ∙ ଻)ଶ  = 1,254 10. 𝑆௡ = ௡(௔భ ା ௔భ ା (௡ ି ଵ)ௗ)ଶ   𝑆ଶ଴ = ଶ଴(ହ ା ହ ା (ଶ଴ ି ଵ) ∙ ଽ)ଶ  = 1,810 
11. 𝑆௡ = ௡(௔భ ା ௔భ ା (௡ ି ଵ)ௗ)ଶ  𝑆ଷ଴ = ଷ଴(ଵହ ା ଵହ ା (ଷ଴ ି ଵ) ∙ ଶ)ଶ  = 1,320 12. 𝑆௡ = ௡(௔భ ା ௔భ ା (௡ ି ଵ)ௗ)ଶ  𝑆ଶଵ = ଶଵ(ଵ଼ ା ଵ଼ ା (ଶଵ ି ଵ) ∙ ଶ)ଶ  = 798 
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14.6 Geometric Series 

1. ( )
5 117 3 k

k

−

=
  2. ( )

6 11 2 n

n

−

=
−  

3. ( )
4 1121200 k

k

−

=
  4. 𝑆଻ = ଽ ି ଽ(ସ)ళଵ ି ସ  = 49,149 

  ( )
7 119 4 k

k

−

=
 = 49,149 

5. 𝑆଼ = ଷ ି ଷ(ିସ)ఴଵ ି (ିସ)  = −39,321 6. ( ) 1110 2n k

k

−

=
  

  10(2)௡ିଵ = 5120   2௡ିଵ = 512  
  log 2௡ିଵ = log 512 
  (𝑛 − 1) log 2 = log 512 
  𝑛 − 1 = ୪୭୥ ହଵଶ୪୭୥ଶ  = 9  
  𝑛 = 10  ( )

10 1110 2 k

k

−

=
  

7. ( ) 1121 2n k

k

−

=
    ଵଶ (2)௡ିଵ = 1024  2௡ିଵ = 2048  log 2௡ିଵ = log 2048  𝑛 − 1 = ୪୭୥ ଶ଴ସ଼୪୭୥ଶ  = 11  𝑛 = 12  ( )
12 1121 2 k

k

−

=
  

8. ( ) 116 5n k

k

−

=
    6(5)௡ିଵ = 93,750  5௡ିଵ = 15,625  log 5௡ିଵ = log 15,625  𝑛 − 1 = ୪୭୥ ଵହ,଺ଶହ୪୭୥ହ  = 6  𝑛 = 7  ( )
7 116 5 k

k

−

=
 = 117,186 

9. 𝑎ଵ = 9 and 𝑟 = −3  a) ( )
7 119 3 n

n

−

=
− = 4,923  

 b) 𝑆଻ = ଽ ି ଽ(ିଷ)ళଵ ି (ିଷ)  = 4,923 10. (1)    
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Chapter 15. Probability 

15.1 Theoretical and Empirical Probability 

1. ଵସ 2. ଺ଵ଴ = ଷହ 
3. ଺ଶଶ = ଷଵଵ 4. ଷ଺ = ଵଶ 
5. ଵ଺ 6. ଶଷଶଽ 
7. ଺ଶ଴ = ଷଵ଴ 8. ଵଷହଶ = ଵସ 
9. ହ଼ 10. 𝑃(𝑟𝑒𝑑) = ଷ଴ଽ଴  𝑃(𝑤ℎ𝑖𝑡𝑒) = ଷଵଽ଴  𝑃(𝑏𝑙𝑢𝑒) = ଶଽଽ଴   White is the most likely to be picked. 11. ଶ,଴଴଴଼଴,଴଴଴ = ଵସ଴ 12. ଶ଼଴ = ଶହ  13. The trials in this case are 100 products per month for 10 months, or 1,000.  The empirical probability of a faulty bulb is ଶ଴ଵ଴଴଴ = ଵହ଴. 

14. 20% = ଶଵ଴.    There are 10 numbers from 0 to 9, so any two numbers (such as 0 and 1) can represent the event occurring. 
15.2 Probability Involving And or Or 

1. ଺ଵଵ 2. ସହ 
3. ଷ଼ + ଶ଼ = ହ଼ 4. 𝑃(𝑝𝑒𝑛 𝑜𝑟 𝑟𝑒𝑑) =  𝑃(𝑝𝑒𝑛) + 𝑃(𝑟𝑒𝑑) − 𝑃(𝑟𝑒𝑑 𝑝𝑒𝑛) =  ଺ଵସ + ଽଵସ − ସଵସ = ଵଵଵସ 
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5. a) 𝑃(𝐴 𝑎𝑛𝑑 𝐵) = 𝑃(𝐴 ∩ 𝐵) =   𝑃({5, 8}) = ଶଵ଴ = ଵହ  b) 𝑃(𝐴 𝑜𝑟 𝐵) = 𝑃(𝐴 ∪ 𝐵) =   𝑃({2, 3, 4, 5, 7, 8, 9}) = ଻ଵ଴ 
6. 𝑃(𝐴) = 0.05, 𝑃(𝐵) = 0.08, and 𝑃(𝐴 𝑎𝑛𝑑 𝐵) = 0.004 a) not mutually exclusive because 𝑃(𝐴 𝑎𝑛𝑑 𝐵) ≠ 0 b) 𝑃(𝐴 𝑜𝑟 𝐵) = 0.05 + 0.08 − 0.004 = 0.126 

7. 𝑃(𝐺 𝑜𝑟 𝐴) = 𝑃(𝐺) + 𝑃(𝐴)− 𝑃(𝐺 𝑎𝑛𝑑 𝐴) = 1120 + 920 − 520 = 1520 = 34 
8. 

    ହ଴ହ଴଴ = ଵଵ଴ 9. 𝑃(𝐴 𝑜𝑟 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 𝑎𝑛𝑑 𝐵)   𝑃(𝐴 𝑜𝑟 𝐵) + 𝑃(𝐴 𝑎𝑛𝑑 𝐵) = 𝑃(𝐴) + 𝑃(𝐵)  [add 𝑃(𝐴 𝑎𝑛𝑑 𝐵) to both sides] 
 𝑃(𝐴 𝑎𝑛𝑑 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 𝑜𝑟 𝐵)  [subtract 𝑃(𝐴 𝑜𝑟 𝐵) from both sides] 
15.3 Two-Way Frequency Tables 

1. a) ଵହଵଵଷ ≈ 13.3% of the students are undecided.  b) ଷଵ଺଴ ≈ 51.7% of the 9th graders are watching. 
2. Given data in bold below.  Coca-Cola Sprite Total Table 16 14 30 Garbage 34 8 42 Total 50 22 72 
 3.  a) 𝑃(𝐹) = ଻ଶଶସ଴ = ଷଵ଴  [from the Total row]  b) 𝑃(𝐶) = ଼଴ଶସ଴ = ଵଷ  [from the Total column]  c) 𝑃(𝐹|𝐶) = ଶସ଼଴ = ଷଵ଴  [from the first row]  d) 𝑃(𝐶|𝐹) = ଶସ଻ଶ = ଵଷ  [from the first column]  e) 𝑃(𝐶 𝑎𝑛𝑑 𝐹) = ଶସଶସ଴ = ଵଵ଴ [from the one cell and the grand total]  f) 𝑃(𝐹|𝐶) = 𝑃(𝐹) = ଷଵ଴ and 𝑃(𝐶|𝐹) = 𝑃(𝐶) = ଵଷ, so they appear to be independent. 
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4. It is helpful to calculate the totals first:  Dogs Cats Rabbits Total Girls 53 72 25 150 Boys 62 28 40 130 Total 115 100 65 280   a) 𝑃(𝐺|𝑅) = ଶହ଺ହ = ହଵଷ.  b) 𝑃(𝑅|𝐺) = ଶହଵହ଴ = ଵ଺.  c) 𝑃(𝐵|𝐷 𝑜𝑟 𝐶) = ଺ଶ ା ଶ଼ଵଵହ ା ଵ଴଴ = ଽ଴ଶଵହ = 18ସଷ  [from the first two columns] 
15.4 Series of Events [CC] 

1. ଵଷ × ଷ଻ = ଵ଻ 2. ቀଵଶቁହ = ଵଷଶ 3. ଷସ × ଵଶ = ଷ଼ 4. 0.95 × 0.93 × 0.98 ≈ 87% 
5.  

   a)  ଷ଼  (see check marks above)  b)  ଻଼  (all except the first leaf) 6.  
   a)  3 b)  4 7. 𝑃(𝑎𝑡 𝑙𝑒𝑎𝑠𝑡 𝑜𝑛𝑒 𝑏𝑙𝑢𝑒) =  1 − 𝑃(𝑟𝑒𝑑 𝑜𝑟 𝑤ℎ𝑖𝑡𝑒 𝑜𝑛 𝑎𝑙𝑙 5 𝑝𝑖𝑐𝑘𝑠) =  1 − ቀଶଷቁହ = 1 − ଷଶଶସଷ = ଶଵଵଶସଷ ≈ 87% 

8. ଵଶ଴ × ଵଵଽ = ଵଷ଼଴ 
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9. ହ଻ × ଶ଺ = ହଶଵ 10. ଶଷ × ଵଶ = ଵଷ 
11.  ଷସ × ଶଷ = ଵଶ 12. 𝑃(𝑀|𝑆) = ௉(ௌ ௔௡ௗ ெ)௉(ௌ)  = యభబయఱ  = ଵହଷ଴ = ଵଶ  13. 𝑃(𝐻ଵ 𝑎𝑛𝑑 𝐻ଶ) = 𝑃(𝐻ଵ) ∙ 𝑃(𝐻ଶ|𝐻ଵ) =  ଵଷହଶ × ଵଶହଵ = ଵହ଺ଶ଺ହଶ = ଵଵ଻ 14. 𝑃(𝑠𝑎𝑚𝑒 𝑠𝑢𝑖𝑡) =𝑃(2𝐻𝑠 𝑜𝑟 2𝐷𝑠 𝑜𝑟 2𝐶𝑠 𝑜𝑟 2𝑆𝑠) =  ଵଵ଻ + ଵଵ଻ + ଵଵ଻ + ଵଵ଻ = ସଵ଻ 
15. a) ଵ଴ଶହ × ଵ଴ଶହ × ଵ଴ଶହ × ଵ଴ଶହ × ଵ଴ଶହ = ቀଵ଴ଶହቁହ = ଷଶଷଵଶହ  b) ଵ଴ଶହ × ଽଶସ × ଶ଼ଷ × ଻ଶଶ × ଺ଶଵ = ଺ଵଶ଺ହ 16. Let A = the patient has arthritis and H = the patient has hay fever.  We want to find 𝑃(𝐴|𝐻).  𝑃(𝐴) = 0.10, 𝑃(𝐻) = 0.05, and 𝑃(𝐻|𝐴) = 0.07  𝑃(𝐴|𝐻) = ௉(஺ ௔௡ௗ ு)௉(ு)  = ௉(஺) × ௉(ு|஺)௉(ு) = (଴.ଵ଴)(଴.଴଻)(଴.଴ହ)  = 0.14     
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Chapter 16. Statistics 

16.1 Data Collection 1. (4) 2. (2) 3. (2) 4. a) The control group of plants would receive the normal level of CO2 (300 ppm). There should be two experimental groups, one which is exposed to 400 ppm and one which is exposed to 500 ppm.  b) The independent variable is level of CO2 exposure.     The dependent variable is the rate of photosynthesis. 
16.2 Bias 1. (3)  Seniors or physics students may be biased by aspects of class scheduling specific to their groups.  Selecting only students from the cafeteria would omit students who have already chosen not to eat there. 2. (4)  Allowing subjects to self-select their participation can lead to bias.  Honors calculus students may tend to spend more (or less) time on homework due to the nature of their courses.  Surveying only teenagers at a movie theater would omit other age groups as well as people who don’t like to go to movie theaters. 3. (4)  People who attend a football game are more likely to prefer an increase in the sports budget since they are sports fans. 4. (2) 5. (1) 
16.3 Normal Distribution 1.  

 

2.  

 3. 74 + 6 = 80 4. 85 − 2(4) = 77 
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5. The interval from 115 to 125 is 1 standard deviation from the mean, which is about 68% of the data. 6. 95% of the data is within 2 standard deviations from the mean, so this is the interval between 66 − 2(4) = 58 and 66 +2(4) = 74 inches. 7. ଵଶ (80 − 50) = 15 8. ଵସ (92 − 78) = 3.5 9. ଵସ (69 − 63) = 1.5 10. 𝑆𝐷 = ଵଷ (81 − 57) = 8  57 + 8 = 65  Mean = 65  (check:  81 − 2(8) = 65 ✓) 11. From 56 − 2(5) to 56 + 2(5), or between 46 and 66. 12. Interval is within 1 SD of the mean, representing about 68% of the homes.  75 × 68% = 51 homes. 13. a) 50%  b) 68%  c) 2.5% 14. a) ଵଶ (68%) + ଵଶ (95%) = 81.5%  b) ଵଶ (100% − 99.7%) = 0.15%  c)  0.15% × 424 = 0.636 ≈ 1 student  d) ଵଶ (68%) + ଵଶ (99.7%) = 83.85%  83.85% × 424 = 355.5 ≈ 356 students 
16.4 Areas Under Normal Curves 1. normalcdf(60, 73, 65, 5) ≈ 0.787 2.  normalcdf(620, 1E99, 500, 100) ≈ 0.115 3. normalcdf(54.3, 63.5, 54.3, 4.6) ≈ 48% 4. normalcdf(74, 82, 80, 4) ≈ 0.62 5. normalcdf(80, 100, 72, 9) ≈ 19% 6. normalcdf(12.5, 1E99, 11, 1.5) ≈ 0.16 7. normalcdf(3, 1E99, 2.75, 0.42) ≈ 0.28 8. a) normalcdf(90, 1E99, 75, 8) ≈ 3.04%  b) normalcdf(80, 90, 75, 8) ≈ 23.56%  c) normalcdf(−1E99, 60, 75, 8) ≈ 3.04% 9. normalcdf (42, 1E99, 35, 2.8) ≈ 0.62%  0.62% × 3000 ≈ 19 10. normalcdf(550, 1E99, 510, 110) ≈ .358  0.358 × 1000 = 358 
16.5 Plausible Outcomes 1. 5.6 − 2(0.2) and 5.6 + 2(0.2), or between 5.2 and 6.0.  Yes, 5.9 is within the margin of error. 2. 𝐶𝐼 = 11.3095 ± 2(0.7625), so the interval is approximately 9.78 to 12.83.  The claim is plausible because 10 is within this interval. 
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16.6 Difference in Means [CC] 1. a)  3.2 − 2.5 = 0.7  b)  According to the graph, at least 18 of the 100 rerandomized groups (18%) showed a mean difference of 1.0 or higher.  Therefore, a mean difference of 0.7 is certainly within the 95% interval and is not statistically significant.  There is no strong evidence of the success of the drug despite an observed difference between the effects on the groups in the sample. 
16.7 Estimate Population Parameters 

1. 𝑀𝐸 = 2 ቀ 𝑠√𝑛ቁ = 2 ቀ 12√200ቁ ≈ 1.7 2. 𝑀𝐸 = 2 ቀ 𝑠√𝑛ቁ = 2 ൬0.125ඥ50 ൰ ≈ 0.04 3. 𝑀𝐸 = 2 ቀ 𝑠√𝑛ቁ = 2 ൬ 1.5ඥ50൰ ≈ 0.42  12.3 ± 0.42 → (11.9, 12.7) 

   

   

4. 𝑀𝐸 = 2 ቀ 𝑠√𝑛ቁ = 2 ቀ 2.2√100ቁ = 0.44  10.5 ± 0.44 → (10.1, 10.9) 

   

   5. 𝑀𝐸 = 2 ቀ ௦√௡ቁ = 2 ቀ ଵ଴.ଶ√ଵ଴଴ቁ = 2.04  44.25 ± 2.04 → (42, 46) 6. 𝑀𝐸 = 2 ቀ ௦√௡ቁ = 2( ଶ.ହ√ସଽ) ≈ 0.71  12 ± 0.71 → (11.3, 12.7) 7. a) 𝑝̂ = ଶସହଷହ଴ = 0.7  b) 𝑞ො = 1 − 𝑝̂ = 0.3  c) ට(଴.଻)(଴.ଷ)ଷହ଴ ≈ 0.024 
8. a) 𝑝̂ = ଶଽ଴ହ଴଴ = 0.58  b) 𝑞ො = 1 − 𝑝̂ = 0.42  c) ට(଴.ହ଼)(଴.ସଶ)ହ଴଴ ≈ 0.022 
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9. 𝑀𝐸 = 2ට(0.4)(0.6)100 ≈ 0.098  0.4 − 0.098 < 𝑝 < 0.4 + 0.098  Population proportion should fall within the interval (0.30, 0.50). 

  

10. 𝑝̂ = 291883 ≈ 0.330  𝑀𝐸 = 2ට(0.33)(0.67)883 ≈ 0.032  0.330 ± 0.031 → (0.30, 0.36) 

  11. a) 𝑝̂ = ଵ଼଴ଷ଴଴ = 0.6 = 60%   𝑀𝐸 = 2ට(଴.଺଴)(଴.ସ଴)ଷ଴଴ ≈ 0.057   0.60 ± 0.057 → (0.54, 0.66)  b)  ଵଵହ଴ଵ଼଴଴ ≈ 0.64    Yes, this is plausible because 0.64 falls within the 95% confidence interval.     
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Regents Questions 

Chapter 1. Linear Functions 

1.1 Linear Systems in Three Variables [CC] 1. CC AUG ‘16 [23] Ans: 2 2. CC JAN ‘18 [3] Ans: 4 3. CC JUN ‘19 [23] Ans: 2 4. CC JAN ‘20 [18] Ans: 1 5. CC JUN ‘22 [8] Ans: 2 6. CC JUN ‘23 [11] Ans: 3 7. CC SPR ‘15 [10] 7𝑥 + 7𝑧 = 35  (1) + (2) 𝑥 + 𝑧 = 5  4𝑥 + 10𝑧 = 62    (2) + (3) −4(𝑥 + 𝑧 = 5)  4𝑥 + 10𝑧 = 62  6𝑧 = 42  𝑧 = 7  𝑥 + (7) = 5; 𝑥 = −2  (−2) + 3𝑦 + 5(7) = 45;   3𝑦 = 12;  𝑦 = 4  8. CC JUN ‘17 [33] 4𝑦 − 4𝑧 = 12      (1) + (3) 𝑦 − 𝑧 = 3  2𝑦 + 4𝑧 = 0  –2(1) + (2) 𝑦 + 2𝑧 = 0  𝑦 = −2𝑧  (−2𝑧) − 𝑧 = 3;  𝑧 = −1  𝑦 − (−1) = 3;  𝑦 = 2  𝑥 + (2) + (−1) = 1;  𝑥 = 0  

9. CC AUG ‘18 [33] 7𝑦 + 7𝑧 = 14  2(1) + (3) 𝑦 − 𝑧 = 2  𝑦 = 𝑧 + 2  −7𝑦 + 21𝑧 = 28  4(2) + (3) 𝑦 − 3𝑧 = −4  𝑦 = 3𝑧 − 4  𝑧 + 2 = 3𝑧 − 4  2𝑧 = 6;  𝑧 = 3  𝑦 = (3) + 2;  𝑦 = 5  −4𝑥 + (5) + (3) = 16;   −4𝑥 = 8;  𝑥 = −2   10. CC JAN ‘19 [33] Rewrite (3) as −𝑎 + 6𝑏 + 2𝑐 = 14  2𝑏 + 5𝑐 = 21   (1) – (2) 8𝑏 + 3𝑐 = 16   (2) + (3) 4(2𝑏 + 5𝑐 = 21)   8𝑏 + 3𝑐 = 16  17𝑐 = 68  𝑐 = 4  2𝑏 + 5(4) = 21;  2𝑏 = 1;  𝑏 = ଵଶ  𝑎 + 4 ቀଵଶቁ + 6(4) = 23;  𝑎 + 26 = 23;  𝑎 = −3  11. CC AUG ‘23 [35] 8𝑥 + 𝑧 = −6  (1) + 2(2) 6𝑥 + 9𝑧 = 12  (1) – 4(3) 2𝑥 + 3𝑧 = 4  −3(8𝑥 + 𝑧 = −6)  2𝑥 + 3𝑧 = 4  −22𝑥 = 22  𝑥 = −1  8(−1) + 𝑧 = −6; 𝑧 = 2 −(−1) + 𝑦 − 3(2) = 0; 𝑦 = 5      
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Chapter 2. Irrational Expressions 

2.1 Operations with Square Roots [CC] There are no Regents exam questions on this topic. 
2.2 Rationalize Monomial Denominators [CC] There are no Regents exam questions on this topic. 
2.3 Rationalize Binomial Denominators There are no Regents exam questions on this topic.    
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Chapter 3. Quadratic Functions 

3.1 Factor a Trinomial by Grouping There are no Regents exam questions on this topic. 
3.2 Solve Quadratics with a≠1 1. CC AUG ‘22 [32] 2𝑥ଶ − 7𝑥 + 4 = 11 − 2𝑥  2𝑥ଶ − 5𝑥 − 7 = 0  2𝑥ଶ + 2𝑥 − 7𝑥 − 7 = 0  2𝑥(𝑥 + 1)− 7(𝑥 + 1) = 0  (2𝑥 − 7)(𝑥 + 1) = 0  𝑥 = ቄ−1, ଻ଶቅ  𝑦 = 11 − 2(−1) = 13  𝑦 = 11 − 2 ቀ଻ଶቁ = 4  (−1,13) and ቀ଻ଶ , 4ቁ 
3.3 Graphs of Quadratic Functions 1. CC JAN ‘19 [22] Ans: 4 2. CC AUG ‘23 [5] Ans: 4 
3.4 Vertex Form and Transformations 1. CC JUN ‘18 [8] Ans: 1 
3.5 Focus and Directrix [CC] 1. CC SPR ‘15 [2] Ans: 4 2. CC AUG ‘16 [19] Ans: 4 3. CC JUN ‘17 [17] Ans: 4 4. CC AUG ‘17 [6] Ans: 2 5. CC JAN ‘18 [16] Ans: 1 6. CC JUN ‘18 [21] Ans: 4 7. CC AUG ‘18 [23] Ans: 4 8. CC JAN ‘19 [14] Ans: 3 9. CC JUN ‘22 [13] Ans: 1 10. CC AUG ‘22 [12] Ans: 3 11. CC JAN ‘23 [22] Ans: 4 

12. CC JUN ‘23 [23] Ans: 2 13. CC JAN ’24 [9] Ans: 1 14. CC JUN ‘16 [30] The vertex is (4,−3) and  𝑝 = 12 ÷ 4 = 3.  The x-coordinates of the focus and the vertex are the same.  Since 𝑝 = 3, the focus is 3 units up from the vertex, so the coordinates of the focus are (4,0). 
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15. CC JUN ‘19 [35] The x-coordinate of the vertex is ିଵିହଶ =−3, so the vertex is (4,−3).   𝑝 = 𝑦௙௢௖௨௦ − 𝑦௩௘௥௧௘௫ = −1 + 3 = 2. 𝑦 = ଵ଼ (𝑥 − 4)ଶ − 3   16. CC JAN ‘20 [28] The vertex is (3,6), which is 5 units up from the focus, so the directrix is 5 units above the vertex at 𝑦 = 11. 

17. CC AUG ‘23 [30] 
p is the difference of the y-values between the focus and vertex: 𝑝 = 𝑦௙௢௖௨௦ − 𝑦௩௘௥௧௘௫ = 8 − 7 = 1  
p is also the distance between the vertex and directrix: 𝑝 = 𝑦௩௘௥௧௘௫ − 𝑦ௗ௜௥௘௖௧௥௜௫  By substitution, 1 = 7 − 𝑦, so the directrix is 𝑦 = 6.       
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Chapter 4. Imaginary Numbers 

4.1 Set of Complex Numbers There are no Regents exam questions on this topic. 
4.2 Operations with Complex Numbers 1. CC JUN ‘16 [3] Ans: 2 2. CC JUN ‘17 [4] Ans: 2 3. CC AUG ‘17 [2] Ans: 3 4. CC JUN ‘18 [5] Ans: 3 5. CC AUG ‘18 [15] Ans: 3 6. CC JAN ‘19 [11] Ans: 1 7. CC JUN ‘19 [15] Ans: 1 8. CC JAN ‘20 [22] Ans: 1 9. CC JUN ‘22 [23] Ans: 4 10. CC AUG ‘22 [2] Ans: 4 11. CC JAN ‘23 [8] Ans: 3 12. CC JUN ‘23 [7] Ans: 3 13. CC SPR ‘15 [6] (4 − 3𝑖)(5 + 2𝑦𝑖 − 5 + 2𝑦𝑖)  (4 − 3𝑖)(4𝑦𝑖)  16𝑦𝑖 − 12𝑦𝑖ଶ  12𝑦 + 16𝑦𝑖  14. CC AUG ‘16 [27] 𝑥𝑖(−6𝑖)ଶ = 𝑥𝑖(36𝑖ଶ) = −36𝑥𝑖  

15. CC JAN ‘17 [25] (1 − 𝑖)(1 − 𝑖)(1 − 𝑖) =  (1 − 2𝑖 + 𝑖ଶ)(1 − 𝑖) =  −2𝑖(1 − 𝑖) = −2𝑖 + 2𝑖ଶ = −2 − 2𝑖  16. CC JAN ‘18 [25] 𝑖ଶ = −1, not 1. 6 + 10𝑖 − 4(−1) = 10 + 10𝑖  17. CC AUG ‘19 [27] −ଵଶ 𝑖ଷ൫√−9 − 4൯ − 3𝑖ଶ =  ଵଶ 𝑖(3𝑖 − 4) + 3 =  −ଷଶ − 2𝑖 + 3 = ଷଶ − 2𝑖  18. CC AUG ‘23 [29] (−5𝑥𝑖 − 4𝑖)ଶ  25𝑥ଶ𝑖ଶ + 40𝑥𝑖ଶ + 16𝑖ଶ  −25𝑥ଶ − 40𝑥 − 16  19. CC JAN ’24 [31] 4𝑥ଶ𝑖଺ − 12𝑥𝑦𝑖ଷ + 9𝑦ଶ  −4𝑥ଶ + 12𝑥𝑦𝑖 + 9𝑦ଶ  
4.3 Imaginary Roots 1. CC FALL ‘15 [4] Ans: 3 2. CC JUN ‘16 [12] Ans: 1 3. CC AUG ‘16 [1] Ans: 4 4. CC JAN ‘17 [11] Ans: 4 5. CC JUN ‘17 [7] Ans: 4 6. CC AUG ‘17 [3] Ans: 3 7. CC AUG ‘18 [9] Ans: 3 8. CC JAN ‘19 [5] Ans: 2 9. CC JAN ‘19 [9] Ans: 4 10. CC JUN ‘19 [12] Ans: 4 11. CC JAN ‘20 [20] Ans: 2 

12. CC AUG ‘22 [8] Ans: 1 13. CC JAN ‘23 [10] Ans: 4 14. CC JAN ‘23 [24] Ans: 2 15. CC JUN ‘23 [12] Ans: 1 16. CC AUG ‘23 [8] Ans: 2 17. CC JAN ’24 [2] Ans: 2 18. CC JAN ’24 [16] Ans: 3 19. CC JUN ‘18 [27] 𝑥 = ିହ ±ඥହమ ି ସ(ଶ)(଼)ଶ(ଶ)  = −ହସ ± ௜√ଷଽସ   
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20. CC JUN ‘22 [25] Yes, because the discriminant  𝑏ଶ − 4𝑎𝑐 = (−4)ଶ − 4(1)(13) = −36 is negative. 
21. CC AUG ‘23 [27] 𝑥 = ିହ ±ඥହమ ି ସ(ଷ)(଼)ଶ(ଷ)  = −ହ଺ ± ௜√଻ଵ଺  
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Chapter 5. Circles 

5.1 Equations of Circles 1. CC JUN ‘16 [19] Ans: 4 
5.2 Circle-Linear Systems 1. CC AUG ‘17 [19] Ans: 1 2. CC AUG ‘19 [16] Ans: 3 3. CC JAN ’24 [7] Ans: 4 4. CC JUN ‘16 [33] 𝑦 = −𝑥 + 5  (𝑥 − 3)ଶ + (−𝑥 + 5 + 2)ଶ = 16  𝑥ଶ − 6𝑥 + 9 + 𝑥ଶ − 14𝑥 + 49 = 16  2𝑥ଶ − 20𝑥 + 42 = 0  𝑥ଶ − 10𝑥 + 21 = 0  (𝑥 − 3)(𝑥 − 7) = 0  𝑥 = {3, 7}  𝑦 = −(3) + 5 = 2;   𝑦 = −(7) + 5 = −2  (3,2) and (7,−2) 5. CC AUG ‘18 [31] 𝑥ଶ + (𝑥 − 28)ଶ = 400  𝑥ଶ + 𝑥ଶ − 56𝑥 + 784 = 400  2𝑥ଶ − 56𝑥 + 384 = 0  𝑥ଶ − 28𝑥 + 192 = 0  (𝑥 − 12)(𝑥 − 16) = 0  𝑥 = {12, 16}  𝑦 = (12)− 28 = −16;   𝑦 = (16)− 28 = −12   (12,−16) and (16,−12)  

6. CC JAN ‘20 [35] 𝑦 = −𝑥 + 1  (𝑥 − 2)ଶ + (−𝑥 + 1 − 3)ଶ = 16  (𝑥 − 2)ଶ + (−𝑥 − 2)ଶ = 16  𝑥ଶ − 4𝑥 + 4 + 𝑥ଶ + 4𝑥 + 4 = 16  2𝑥ଶ + 8 = 16  2𝑥ଶ = 8  𝑥ଶ = 4  𝑥 = ±2  𝑦 = −(−2) + 1 = 3;   𝑦 = −2 + 1 = −1  (−2,3) and (2,−1) 7. CC JUN ‘22 [36] 𝑦 = 2𝑥 − 5  𝑥ଶ + (2𝑥 − 5)ଶ = 25  𝑥ଶ + 4𝑥ଶ − 20𝑥 + 25 = 25  5𝑥ଶ − 20𝑥 = 0  5𝑥(𝑥 − 4) = 0  𝑥 = {0, 4}  𝑦 = 2(0)− 5 = −5;  𝑦 = 2(4)− 5 = 3  (0,−5) and (4,3)  8. CC JUN ‘23 [35] (𝑥 − 2)ଶ − (−2𝑥 + 7 − 3)ଶ = 20  (𝑥 − 2)ଶ + (−2𝑥 + 4)ଶ = 20  𝑥ଶ − 4𝑥 + 4 + 4𝑥ଶ − 16𝑥 + 16 = 20  5𝑥ଶ − 20𝑥 = 0  5𝑥(𝑥 − 4) = 0  𝑥 = {0, 4}  𝑦 = −2(0) + 7 = 7  𝑦 = −2(4) + 7 = −1  (0,7) and (4,−1)      
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Chapter 6. Polynomial Functions 

6.1 Operations with Functions 1. CC JUN ‘16 [8] Ans: 4 2. CC JAN ‘17 [10] Ans: 3 3. CC JUN ‘17 [9] Ans: 2 4. CC JUN ‘18 [13] Ans: 1 5. CC AUG ‘18 [3] Ans: 4 6. CC JUN ‘22 [10] Ans: 3 7. CC AUG ‘23 [22] Ans: 3 

8. CC JAN ‘18 [33] (2𝑥ଶ + 𝑥 − 3)(𝑥 − 1)−   [(2𝑥ଶ + 𝑥 − 3) + (𝑥 − 1)] =  (2𝑥ଷ − 2𝑥ଶ + 𝑥ଶ − 𝑥 − 3𝑥 + 3)−  (2𝑥ଶ + 2𝑥 − 4) =  2𝑥ଷ − 3𝑥ଶ − 6𝑥 + 7  9. CC JAN ‘23 [30] (𝑥ଷ + 2𝑥 − 1)(𝑥ଶ + 7)− 3(𝑥ସ − 5𝑥) =  𝑥ହ + 7𝑥ଷ + 2𝑥ଷ + 14𝑥 − 𝑥ଶ − 7 −              3𝑥ସ + 15𝑥 =  𝑥ହ − 3𝑥ସ + 9𝑥ଷ − 𝑥ଶ + 29𝑥 − 7  
6.2 Long Division 1. CC FALL ‘15 [3] Ans: 1 2. CC JUN ‘16 [14] Ans: 2 3. CC AUG ‘17 [13] Ans: 1 4. CC JAN ‘18 [9] Ans: 4 5. CC AUG ‘19 [10] Ans: 1 6. CC JUN ‘22 [18] Ans: 2 7. CC JUN ‘23 [13] Ans: 1 

8. CC JUN ‘18 [29] 
( )

( )

( )

23 23 2
22

2 5 23 2 6 11 4 96 415 415 106 96 45

a a
a a a a

a a

a a

a a

a
a

+ +
− + − −

− −

−

− −

−
− −

−
  

2𝑎ଶ + 5𝑎 + 2 − ହଷ௔ ି ଶ 9. CC JUN ‘19 [30] 𝑝(𝑥) = (𝑥 − 1)(𝑥ଶ + 7) + 5 =  𝑥ଷ − 𝑥ଶ + 7𝑥 − 2  
6.3 Synthetic Division 1. CC AUG ‘16 [11] Ans: 2 2. CC AUG ‘18 [5] Ans: 3 3. CC JAN ‘20 [7] Ans: 3 4. CC JUN ‘22 [3] Ans: 1 5. CC AUG ‘22 [17] Ans: 2 

6. CC JAN ‘23 [5] Ans: 1 7. CC AUG ‘23 [2] Ans: 2 8. CC JAN ’24 [8] Ans: 2 
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9. CC JAN ‘17 [32] 
2 3 7 20

6 26
3 13 | 6

−  
3𝑥 + 13 + ଺௫ିଶ  10. CC JAN ‘19 [34] 
2 1 2 4 10

2 0 8
1 0 4 | 18

− −
− −

−
 

𝑥ଷ + 4 − ଵ଼௫ାଶ  

11. CC AUG ‘22 [35] 
4 3 4 2 1

12 32 136
3 8 34 | 135

− −  
3𝑥ଶ + 8𝑥 + 34 + ଵଷହ௫ିସ  𝑥 = 4 is not a root because 𝑟(𝑥) ≠ 0.   

6.4 Remainder Theorem 1. CC AUG ‘16 [21] Ans: 3 2. CC JAN ‘17 [20] Ans: 2 3. CC JUN ‘17 [11] Ans: 1 4. CC AUG ‘17 [20] Ans: 2 5. CC JAN ‘18 [19] Ans: 4 6. CC JUN ‘18 [12] Ans: 3 7. CC JUN ‘19 [7] Ans: 4 8. CC JUN ‘22 [6] Ans: 2 9. CC JAN ‘23 [7] Ans: 2 10. CC JUN ‘23 [3] Ans: 4 11. CC AUG ‘23 [20] Ans: 1 12. CC SPR ‘15 [7] By the Factor Theorem, 𝑥 − 𝑎 is a factor of 𝑓(𝑥) only when  𝑓(𝑎) = 0.  𝑓(4) = 2(4)ଷ − 5(4)ଶ − 11(4)− 4 = 0  

13. CC FALL ‘15 [15] 0 = 6(−5)ଷ + 𝑏(−5)ଶ − 52(−5) + 15  0 = −750 + 25𝑏 + 260 + 15  475 = 25𝑏  𝑏 = 19  𝑧(𝑥) = 6𝑥ଷ + 19𝑥ଶ − 52𝑥 + 15  By the Factor Theorem, since 𝑧(−5) =0, then 𝑥 + 5 is a factor of 𝑧(𝑥). 
5 6 19 52 15

30 55 15
6 11 3 | 0

− −
− −
−

 
(𝑥 + 5)(6𝑥ଶ − 11𝑥 + 3) = 0  (𝑥 + 5)(3𝑥 − 1)(2𝑥 − 3) = 0  𝑥 = ቄ−5, ଵଷ , ଷଶቅ  14. CC JUN ‘16 [27] By the Factor Theorem, 𝑥 − 𝑎 is a factor of 𝑓(𝑥) only when  𝑓(𝑎) = 0.  2(5)ଷ − 4(5)ଶ − 7(5)− 10 = 105, so 𝑥 − 5 is not a factor. 15. CC JUN ‘17 [25] 𝑟(2) = (2)ଷ − 4(2)ଶ + 4(2)− 6 = −6   By the Factor Theorem, 𝑥 − 𝑎 is a factor of 𝑓(𝑥) only when 𝑓(𝑎) = 0.  Since 𝑟(2) = −6, 𝑥 − 2 is not a factor of 𝑟(𝑥). 
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16. CC AUG ‘18 [34] 𝑗(−1) = 2(−1)ସ − (−1)ଷ − 35(−1)ଶ +16(−1) + 48  𝑗(−1) = 0  By the Factor Theorem, since 𝑗(−1) = 0, then 𝑥 + 1 is a factor of 𝑗(𝑥). 
1 2 1 35 16 48

2 3 32 48
2 3 32 48 | 0

− − −
− −
− −

 
Factor by grouping: 2𝑥ଷ − 3𝑥ଶ − 32𝑥 + 48  𝑥ଶ(2𝑥 − 3)− 16(2𝑥 − 3)  (𝑥ଶ − 16)(2𝑥 − 3)  (𝑥 + 4)(𝑥 − 4)(2𝑥 − 3)  (𝑥 + 1)(𝑥 + 4)(𝑥 − 4)(2𝑥 − 3) = 0  𝑥 = ቄ−1,−4, 4, ଷଶቅ  

17. CC AUG ‘19 [29] 𝑃(−2) = 60 and 𝑄(−2) = 0;  (𝑥 + 2) is a factor of 𝑄(𝑥) by the Factor Theorem since 𝑄(−2) = 0. 18. CC JAN ‘10 [26] 𝑚(3) = 3ଷ − 3ଶ − 5(3)− 3 = 0;  𝑥 − 3 is a factor of 𝑚(𝑥) by the Factor Theorem since 𝑚(3) = 0. 19. CC JUN ‘23 [28] 𝑔(3) = 0  (3)ଷ + 𝑎(3)ଶ − 5(3) + 6 = 0  9𝑎 + 18 = 0  𝑎 = −ଵଽ଼   𝑎 = −2  20. CC JAN ’24 [26] 2(−4)ଷ + 10(−4)ଶ + 4(−4)− 16 = 0; 𝑥 + 4 is a factor by the Factor Theorem since evaluating the expression for 𝑥 =−4 results in 0. 
6.5 Factor Polynomials 1. CC FALL ‘15 [5] Ans: 4 2. CC AUG ‘16 [5] Ans: 3 3. CC AUG ‘16 [15] Ans: 3 4. CC JAN ‘17 [3] Ans: 4 5. CC AUG ‘17 [15] Ans: 1 6. CC AUG ‘18 [14] Ans: 4 7. CC JAN ‘19 [3] Ans: 1 8. CC JUN ‘19 [11] Ans: 2 9. CC AUG ‘19 [1] Ans: 2 10. CC AUG ‘19 [4] Ans: 2 11. CC JAN ‘20 [6] Ans: 3 12. CC JAN ‘23 [1] Ans: 1 13. CC JUN ‘23 [2] Ans: 3 14. CC JUN ‘23 [10] Ans: 2 15. CC FALL ‘15 [12]  The expression is of the form  𝑢ଶ − 5𝑢 − 6 or (𝑢 − 6)(𝑢 + 1).   Let 𝑢 = 4𝑥ଶ + 5𝑥. (4𝑥ଶ + 5𝑥 − 6)(4𝑥ଶ + 5𝑥 + 1)  (4𝑥 − 3)(𝑥 + 2)(4𝑥 + 1)(𝑥 + 1)  

16. CC JUN ‘17 [27] 𝑥ଶ(4𝑥 − 1) + 4(4𝑥 − 1)  (𝑥ଶ + 4)(4𝑥 − 1)  17. CC JAN ‘18 [28] 3𝑥ଷ + 𝑥ଶ + 3𝑥𝑦 + 𝑦  𝑥ଶ(3𝑥 + 1) + 𝑦(3𝑥 + 1)  (𝑥ଶ + 𝑦)(3𝑥 + 1)  18. CC AUG ‘18 [25] (𝑥ଶ − 6)(𝑥ଶ + 2)  19. CC JUN ‘22 [28] −𝑥(2𝑥ଷ − 𝑥ଶ − 18𝑥 + 9)  −𝑥[𝑥ଶ(2𝑥 − 1)− 9(2𝑥 − 1)]  −𝑥(𝑥ଶ − 9)(2𝑥 − 1)  −𝑥(𝑥 + 3)(𝑥 − 3)(2𝑥 − 1)  20. CC AUG ‘22 [26] 𝑥ଶ(𝑥 − 2) − 9(𝑥 − 2)  (𝑥ଶ − 9)(𝑥 − 2)  (𝑥 + 3)(𝑥 − 3)(𝑥 − 2)  21. CC JAN ‘23 [31] (𝑥ଶ − 4)(𝑥ଶ − 1)  (𝑥 + 2)(𝑥 − 2)(𝑥 + 1)(𝑥 − 1)  
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22. CC AUG ‘23 [25] 𝑥ଶ(2𝑥 − 3)− 9(2𝑥 − 3)  (𝑥ଶ − 9)(2𝑥 − 3)  (𝑥 + 3)(𝑥 − 3)(2𝑥 − 3)  
23. CC JAN ’24 [25] 𝑥ଶ(𝑥 + 4) − 9(𝑥 + 4)  (𝑥ଶ − 9)(𝑥 + 4)  (𝑥 + 3)(𝑥 − 3)(𝑥 + 4)  

6.6 Find Roots by Factoring 1. CC JUN ‘16 [6] Ans: 1 2. CC AUG ‘17 [8] Ans: 4 3. CC AUG ‘18 [21] Ans: 4 4. CC AUG ‘19 [21] Ans: 4 5. CC JAN ‘20 [19] Ans: 4 6. CC AUG ‘22 [6] Ans: 2 7. CC JAN ’24 [3] Ans: 2 

8. CC JUN ‘19 [33] (4𝑥ଶ + 9)(2𝑥 + 3)(2𝑥 − 3);  No, because 4𝑥ଶ + 9 = 0 leads to roots of ± ଷଶ 𝑖 9. CC JAN ‘23 [25] 3(𝑥ଷ + 4𝑥ଶ − 𝑥 − 4) = 0  3൫𝑥ଶ(𝑥 + 4)− (𝑥 + 4)൯ = 0  3(𝑥ଶ − 1)(𝑥 + 4) = 0  {−4,−1, 1}  
6.7 Root Theorems There are no Regents exam questions on this topic. 
6.8 Properties of Polynomial Graphs 1. CC SPR ‘15 [1] Ans: 1 2. CC JUN ‘16 [4] Ans: 3 3. CC JUN ‘16 [20] Ans: 2 4. CC JUN ‘17 [1] Ans: 1 5. CC AUG ‘17 [12] Ans: 4 6. CC JAN ‘18 [17] Ans: 3 7. CC JUN ‘18 [16] Ans: 2 8. CC AUG ‘18 [4] Ans: 1 9. CC JAN ‘19 [8] Ans: 1 10. CC JAN ‘19 [19] Ans: 1 

11. CC JUN ‘19 [21] Ans: 4 12. CC AUG ‘19 [8] Ans: 2 13. CC JAN ‘20 [5] Ans: 3 14. CC JAN ‘23 [16] Ans: 2 15. CC JAN ‘23 [18] Ans: 2 16. CC AUG ‘23 [18] Ans: 4 17. CC AUG ‘23 [24] Ans: 2 18. CC JAN ’24 [5] Ans: 1 19. CC JAN ’24 [14] Ans: 2 
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6.9 Graph Polynomial Functions 1. CC AUG ‘16 [33] 0 = 𝑥ଶ(𝑥 + 1)− 4(𝑥 + 1)  0 = (𝑥ଶ − 4)(𝑥 + 1)  0 = (𝑥 + 2)(𝑥 − 2)(𝑥 + 1)  𝑥 = {−2,−1,2}  

 2. CC JAN ‘17 [29] Various answers, such as 

  or 

 

3. CC AUG ‘17 [32] Various answers, such as  

 4. CC JAN ‘18 [31] Various answers, such as 

 5. CC JUN ‘18 [26] 
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6. CC AUG ‘18 [37] 𝑃(𝑥) = 𝑅(𝑥) − 𝐶(𝑥) = −330𝑥ଷ +9,000𝑥ଶ − 67,000𝑥 + 167,000   

 Least profitable at year 5 because there is a minimum at 𝑃(5).  Most profitable at year 13 because there is a maximum at 𝑃(13). 7. CC JAN ‘19 [26] 

 8. CC JAN ‘20 [32] 

 

9. CC AUG ‘22 [34] 

 maximum is 12.6 cu. in. 10. CC JUN ‘23 [33] 𝑝(𝑥) = (𝑥 − 2)(𝑥 − 3)(𝑥 + 6)  

 11. CC JAN ’24 [37] 

 (7,78); the maximum profit is $78,000 when 7000 sweatshirts are sold; 𝑥 = 3,549 sweatshirts, when 𝑝(𝑥) is first greater than 0. 
6.10 Polynomial Transformations 1. CC AUG ‘18 [17] Ans: 4 
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2. CC JAN ‘18 [36] 𝑓(𝑥) = 𝑥ଶ(𝑥 + 4)(𝑥 − 3)  𝑔(𝑥) = 𝑓(𝑥 + 2) = (𝑥 + 2)ଶ(𝑥 + 6)(𝑥 − 1)  
6.11 Systems of Polynomial Functions 1. CC JUN ‘16 [22] Ans: 4 2. CC AUG ‘16 [6] Ans: 3 3. CC JAN ‘17 [5] Ans: 4 4. CC JUN ‘18 [1] Ans: 2 5. CC JUN ‘19 [3] Ans: 3 6. CC FALL ‘15 [7] −2𝑥 + 1 = −2𝑥ଶ + 3𝑥 + 1  2𝑥ଶ − 5𝑥 = 0  𝑥(2𝑥 − 5) = 0  𝑥 = ቄ0, ହଶቅ  

7. CC AUG ‘19 [36] 𝑥ଶ − 6𝑥 = −17  𝑥ଶ − 6𝑥 + 9 = −17 + 9  (𝑥 − 3)ଶ = −8  𝑥 − 3 = ±2𝑖√2  𝑥 = 3 ± 2𝑖√2  A real solution would appear as a point of intersection on the graph; since the parabola and line do not intersect, the solutions are imaginary. 8. CC AUG ‘23 [26] 𝑥ଶ + 8𝑥 − 5 = 8𝑥 − 4  𝑥ଶ − 1 = 0  (𝑥 + 1)(𝑥 − 1) = 0  𝑥 = {−1, 1}  
6.12 Polynomial Identities [CC] 1. CC AUG ‘16 [20] Ans: 4 2. CC JAN ‘18 [6] Ans: 2 3. CC JUN ‘18 [22] Ans: 4 4. CC JUN ‘19 [2] Ans: 4 5. CC JAN ‘20 [3] Ans: 3 6. CC AUG ‘22 [19] Ans: 1 7. CC JAN ‘23 [11] Ans: 2 8. CC JUN ‘23 [22] Ans: 4 9. CC JAN ’24 [17] Ans: 4 10. CC FALL ‘15 [11] Let x and 𝑥 + 1 represent the integers. (𝑥 + 1)ଶ − 𝑥ଶ = 𝑥ଶ + 2𝑥 + 1 − 𝑥ଶ =2𝑥 + 1  2𝑥 is an even integer, so 2𝑥 + 1 is an odd integer. 11. CC JUN ‘16 [31] 1 + ଵ௫య ା ଼ = ௫య ା ଼௫య ା ଼ + ଵ௫య ା ଼ = ௫య ା ଽ௫య ା ଼ 

12. CC JAN ‘17 [33] (1)  2𝑥ଷ − 10𝑥ଶ + 11𝑥 − 7 =  (𝑥 − 4)(2𝑥ଶ + ℎ𝑥 + 3) + 𝑘  (2)  2𝑥ଷ − 10𝑥ଶ + 11𝑥 − 7 = 2𝑥ଷ + ℎ𝑥ଶ + 3𝑥 − 8𝑥ଶ − 4ℎ𝑥 − 12 + 𝑘  (3) −2𝑥ଶ + 8𝑥 + 5 = ℎ𝑥ଶ − 4ℎ𝑥 + 𝑘  (4)  So, ℎ = −2 and 𝑘 = 5 13. CC AUG ‘17 [27] (𝑥ଶ − 𝑦ଶ)ଶ + (2𝑥𝑦)ଶ  = 𝑥ସ − 2𝑥ଶ𝑦ଶ + 𝑦ସ + (2𝑥𝑦)ଶ  = 𝑥ସ − 2𝑥ଶ𝑦ଶ + 𝑦ସ + 4𝑥ଶ𝑦ଶ   = 𝑥ସ + 2𝑥ଶ𝑦ଶ + 𝑦ସ  = (𝑥ଶ + 𝑦ଶ)ଶ  14. CC JAN ‘19 [27] (𝑎 + 𝑏)ଷ  = 𝑎ଷ + 3𝑎ଶ𝑏 + 3𝑎𝑏ଶ + 𝑏ଷ  = 𝑎ଷ + 𝑏ଷ + 3𝑎𝑏(𝑎 + 𝑏)  No.  Erin’s shortcut only works if 3𝑎𝑏(𝑎 + 𝑏) = 0; that is, only if 𝑎 = 0, 𝑏 = 0, or 𝑎 = −𝑏.    
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Chapter 7. Radicals and Rational Exponents 

7.1 nth Roots There are no Regents exam questions on this topic. 
7.2 Operations with Radicals 1. CC AUG ‘22 [13] Ans: 1 
7.3 Solve Equations with Radicals 1. CC JUN ‘16 [5] Ans: 3 2. CC AUG ‘17 [4] Ans: 2 3. CC JAN ‘18 [2] Ans: 3 4. CC AUG ‘18 [7] Ans: 3 5. CC JUN ‘19 [19] Ans: 2 6. CC JAN ‘20 [10] Ans: 2 7. CC AUG ‘23 [15] Ans: 3 8. CC SPR ‘15 [8] √𝑥 − 5 = −𝑥 + 7  𝑥 − 5 = 𝑥ଶ − 14𝑥 + 49  𝑥ଶ − 15𝑥 + 54 = 0  (𝑥 − 6)(𝑥 − 9) = 0  𝑥 = {6, 9}  Reject 𝑥 = 9 because  √9 − 5 + 9 ≠ 7.  𝑥 = 6  9. CC AUG ‘16 [35] ൫√2𝑥 − 7൯ଶ = (5 − 𝑥)ଶ  2𝑥 − 7 = 25 − 10𝑥 + 𝑥ଶ  𝑥ଶ − 12𝑥 + 32 = 0  (𝑥 − 4)(𝑥 − 8) = 0  𝑥 = {4, 8}  Reject 𝑥 = 8 because  ඥ2(8)− 7 + 8 ≠ 5.  𝑥 = 4  

10. CC JAN ‘17 [37] 0 = √𝑡 − 2𝑡 + 6  √𝑡 = 2𝑡 − 6  ൫√𝑡൯ଶ = (2𝑡 − 6)ଶ  𝑡 = 4𝑡ଶ − 24𝑡 + 36  4𝑡ଶ − 25𝑡 + 36 = 0  (4𝑡 − 9)(𝑡 − 4) = 0  𝑡 = ቄଽସ , 4ቅ  Reject 𝑡 = ଽସ because 2 ቀଽସቁ − 6 < 0.  √1 − 2(1) + 6 = 5  √3 − 2(3) + 6 = √3  5 − √3 ≈ 3.268  327 mph 11. CC JUN ‘17 [30] √𝑥 − 4 = −𝑥 + 6  𝑥 − 4 = 𝑥ଶ − 12𝑥 + 36  𝑥ଶ − 13𝑥 + 40 = 0  (𝑥 − 5)(𝑥 − 8) = 0  𝑥 = {5, 8}  8 is extraneous because  √8 − 4 ≠ −8 + 6  12. CC JUN ‘18 [33] √6 − 2𝑥 + 𝑥 = 2𝑥 + 30 − 9  √6 − 2𝑥 = 𝑥 + 21  6 − 2𝑥 = 𝑥ଶ + 42𝑥 + 441  𝑥ଶ + 44𝑥 + 435 = 0  (𝑥 + 29)(𝑥 + 15) = 0  𝑥 = {−29,−15}  –29 is extraneous because ඥ6 − 2(−29)− 29 ≠ 2(−14)− 9.  
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13. CC JAN ‘19 [36] 3√𝑥 − 2𝑥 = −5  3√𝑥 = 2𝑥 − 5  9𝑥 = 4𝑥ଶ − 20𝑥 + 25  4𝑥ଶ − 29𝑥 + 25 = 0  (4𝑥 − 25)(𝑥 − 1) = 0  𝑥 = ቄଶହସ , 1ቅ  1 is extraneous because  3√1 − 2(1) ≠ −5  14. CC AUG ‘19 [37] 𝐵 = 1.69√30 + 4.45 − 3.49 ≈ 6, which is a steady breeze; 15 = 1.69√𝑠 + 4.45 − 3.49  18.49 = 1.69√𝑠 + 4.45  ଵ଼.ସଽଵ.଺ଽ = √𝑠 + 4.45  ቀଵ଼.ସଽଵ.଺ଽ ቁଶ = 𝑠 + 4.45  𝑠 = ቀଵ଼.ସଽଵ.଺ଽ ቁଶ − 4.45 ≈ 115  B values of 9.5 to 10.49 would round to a 10 9.5 = 1.69√𝑠 + 4.45 − 3.49 solves to 𝑠 ≈ 55 and  10.49 = 1.69√𝑠 + 4.45 − 3.49 solves to 𝑠 ≈ 64, so the range is 55 to 64 mph 15. CC JUN ‘22 [34] 𝑡 = 2𝜋ට ଺଻ଽ.଼ଵ ≈ 16.4;  9.6 = 2𝜋ට ௅ଽ.଼ଵ  ଽ.଺ଶగ = ට ௅ଽ.଼ଵ  1.528 ≈ √௅ଷ.ଵଷଶ  4.785 ≈ √𝐿  𝐿 ≈ 22.9  

16. CC AUG ‘22 [27] 4𝑥 + 1 = (11 − 𝑥)ଶ  4𝑥 + 1 = 121 − 22𝑥 + 𝑥ଶ  𝑥ଶ − 26𝑥 + 120 = 0  (𝑥 − 6)(𝑥 − 20) = 0  𝑥 = {6, 20}  20 is extraneous 17. CC JAN ‘23 [33] √49 − 10𝑥 = 2𝑥 − 5  49 − 10𝑥 = 4𝑥ଶ − 20𝑥 + 25  4𝑥ଶ − 10𝑥 − 24 = 0  2𝑥ଶ − 5𝑥 − 12 = 0  (2𝑥 + 3)(𝑥 − 4) = 0  𝑥 = ቄ− ଷଶ , 4ቅ  −ଷଶ is extraneous 18. CC JUN ‘23 [26] 3𝑥 + 7 = (𝑥 − 1)ଶ  3𝑥 + 7 = 𝑥ଶ − 2𝑥 + 1  𝑥ଶ − 5𝑥 − 6 = 0  (𝑥 − 6)(𝑥 + 1) = 0  𝑥 = {−1, 6}  –1 is extraneous  19. CC JAN ’24 [34] 2𝑥 − 6 = 2√𝑥 − 1  𝑥 − 3 = √𝑥 − 1  (𝑥 − 3)ଶ = 𝑥 − 1  𝑥ଶ − 6𝑥 + 9 = 𝑥 − 1  𝑥ଶ − 7𝑥 + 10 = 0  (𝑥 − 2)(𝑥 − 5) = 0  𝑥 = { 2 , 5}  2 is extraneous 

7.4 Graphs of Radical Functions There are no Regents exam questions on this topic. 
7.5 Negative Exponents There are no Regents exam questions on this topic.   
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7.6 Rational Exponents 1. CC JUN ‘16 [1] Ans: 4 2. CC JAN ‘17 [7] Ans: 2 3. CC JUN ‘17 [16] Ans: 4 4. CC AUG ‘17 [23] Ans: 4 5. CC JAN ‘18 [11] Ans: 4 6. CC JUN ‘18 [20] Ans: 2 7. CC AUG ‘18 [12] Ans: 3 8. CC JUN ‘19 [8] Ans: 1 9. CC AUG ‘19 [14] Ans: 4 10. CC JAN ‘20 [1] Ans: 1 11. CC JUN ‘22 [1] Ans: 1 12. CC JAN ‘23 [12] Ans: 3 13. CC JUN ‘23 [6] Ans: 2 14. CC JUN ‘23 [20] Ans: 4 15. CC JAN ’24 [13] Ans: 3 16. CC SPR ‘15 [5] ௫ఴయ௫రయ = 𝑥௬;  𝑥రయ = 𝑥௬;  𝑦 = ସଷ 17. CC AUG ‘16 [26] ቀ3భఱቁଶ = ൫√3ఱ ൯ଶ = √9ఱ   18. CC JAN ‘17 [30] ቀ𝑥ఱయቁలఱ = ቀ𝑦ఱలቁలఱ  𝑥ଶ = 𝑦  19. CC JUN ‘17 [31] ቀ𝑥భయቁ ቀ𝑥భమቁ = ቀ𝑥మలቁ ቀ𝑥యలቁ = 𝑥ఱల  20. CC AUG ‘17 [25] (−8)రయ = ൫√−8య ൯ସ = (−2)ସ = 16  21. CC JAN ‘18 [32] The denominator of the rational exponent represents the index of a root, and the 4th root of 81 is 3 and 33 is 27. 

22. CC AUG ‘18 [26] ଶ௫యమଶ௫మమ = 𝑥భమ = √𝑥  23. CC JAN ‘19 [25] ඥ௫మ௬ఱయඥ௫య௬రర  = ௫మయ௬ఱయ௫యర௬  = ௫ ఴభమ௬ఱయ௫ వభమ௬యయ = 𝑥ି భభమ𝑦మయ  24. CC JUN ‘19 [29] No.  ൫√𝑥ଶళ ൯൫√𝑥ଷఱ ൯ = ቀ𝑥మళቁ ቀ𝑥యఱቁ = 𝑥యభయఱ = √𝑥ଷଵయఱ . 25. CC AUG ‘19 [26] The denominator of the rational exponent represents the index of a root, and the numerator of the rational exponent represents the power of the base. 9ఱమ = ൫√9൯ହ = 243. 26. CC JAN ‘20 [25] Yes.  ቀ𝑝ଶ𝑛భమቁ଼ ඥ𝑝ହ𝑛ସ = 𝑝ଵ଺𝑛ସ𝑝ఱమ𝑛ଶ =𝑝ଵ଼భమ𝑛଺ = 𝑝ଵ଼𝑛଺ඥ𝑝  27. CC JUN ‘22 [30] √81య = √3ସయ = 3రయ, so 𝑎 = ସଷ. 28. CC AUG ‘22 [28] ଵ଻଼ − ଵ଴଼ = ଻଼  ቀ𝑦ళఴቁିସ = 𝑦ିళమ, so 𝑛 = −଻ଶ. 29. CC AUG ‘23 [31] ௫ ∙ ௫యమ௫ఱయ  = ௫ఱమ௫ఱయ = 𝑥ఱల  30. CC JAN ’24 [28] ௬ర௬మయ = 𝑦భబయ , so 𝑛 = ଵ଴ଷ . 
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Chapter 8. Rational Functions 

8.1 Undefined Expressions 1. CC AUG ‘17 [1] Ans: 1 
8.2 Simplify Rational Expressions 1. CC JUN ‘17 [23] Ans: 4 2. CC JAN ‘18 [18] Ans: 3 3. CC JUN ‘18 [3] Ans: 3 4. CC JAN ‘19 [21] Ans: 4 5. CC JAN ‘20 [23] Ans: 1 6. CC AUG ‘22 [15] Ans: 2 7. CC AUG ‘23 [21] Ans: 4  

8. CC JAN ’24 [12] Ans: 1 9. CC JUN ‘23 [31] ௫మ(ଶ௫ ା ଵ) ି ଽ(ଶ௫ ା ଵ)௫(ଷ ି ௫)   ൫௫మ ି ଽ൯(ଶ௫ ା ଵ)௫(ଷ ି ௫)   (௫ ା ଷ)(௫ ି ଷ)(ଶ௫ ା ଵ)ି௫(௫ ି ଷ)   − (௫ ାଷ )(ଶ௫ ା ଵ)௫   
8.3 Multiply and Divide Rational Expressions There are no Regents exam questions on this topic. 
8.4 Add and Subtract Rational Expressions 1. CC AUG ‘19 [7] Ans: 2 
8.5 Simplify Complex Fractions There are no Regents exam questions on this topic. 
8.6 Solve Rational Equations 1. CC FALL ‘15 [1] Ans: 4 2. CC AUG ‘16 [17] Ans: 3 3. CC JAN ‘17 [17] Ans: 1 4. CC JUN ‘17 [19] Ans: 1 5. JAN’18 [12] Ans: 1 6. CC JUN ‘18 [9] Ans: 4 7. CC JAN ‘19 [15] Ans: 3 8. CC AUG ‘19 [15] Ans: 4 9. CC AUG ‘22 [18] Ans: 3 10. CC JAN ‘23 [9] Ans: 3 11. CC JUN ‘23 [19] Ans: 1 

12. CC JAN ’24 [22] Ans: 3 13. CC JUN ‘16 [25] 3𝑥 ቂଵ௫ − ଵଷ = − ଵଷ௫ቃ 3 − 𝑥 = −1  𝑥 = 4  
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14. CC AUG ‘17 [33] (𝑝 + 3)(𝑝 − 5) ቂ ଷ௣௣ ି ହ − ଶ௣ ା ଷ = ௣௣ ା ଷቃ 3𝑝(𝑝 + 3)− 2(𝑝 − 5) = 𝑝(𝑝 − 5)  3𝑝ଶ + 9𝑝 − 2𝑝 + 10 = 𝑝ଶ − 5𝑝  2𝑝ଶ + 12𝑝 + 10 = 0  𝑝ଶ + 6𝑝 + 5 = 0  (𝑝 + 5)(𝑝 + 1) = 0  {−5,−1}  15. CC AUG ‘18 [29] 6(𝑥 + 3) ቂ ିଷ௫ ା ଷ + ଵଶ = ௫଺ − ଵଶቃ −18 + 3(𝑥 + 3) =  𝑥(𝑥 + 3) − 3(𝑥 + 3)  −18 + 3𝑥 + 9 = 𝑥ଶ + 3𝑥 − 3𝑥 − 9  𝑥ଶ − 3𝑥 = 0  𝑥(𝑥 − 3) = 0  {0,3}  

16. CC JUN ‘19 [26] 4𝑥(𝑥 + 1) ቂ ଻ଶ௫ − ଶ௫ ା ଵ = ଵସቃ 14(𝑥 + 1)− 8𝑥 = 𝑥(𝑥 + 1)  14𝑥 + 14 − 8𝑥 = 𝑥ଶ + 𝑥  𝑥ଶ − 5𝑥 − 14 = 0  (𝑥 + 2)(𝑥 − 7) = 0  {−2,7}  17. CC JUN ‘22 [27] 𝑛ଶ ቂ ଶ௡మ + ଷ௡ = ସ௡మቃ  2 + 3𝑛 = 4  3𝑛 = 2  𝑛 = ଶଷ  18. CC AUG ‘23 [34] (𝑥 − 6)(𝑥 − 2) ቂ 1𝑥−6 + 𝑥𝑥−2 = 4(𝑥−6)(𝑥−2)ቃ 𝑥 − 2 + 𝑥ଶ − 6𝑥 = 4  𝑥ଶ − 5𝑥 − 6 = 0  (𝑥 + 1)(𝑥 − 6) = 0  {–1, 6} 
8.7 Model Rational Expressions and Equations 1. CC JUN ‘16 [2] Ans: 3 2. CC JUN ‘17 [22] Ans: 3 3. CC JUN ‘18 [24] Ans: 3 4. CC JUN ‘19 [16] Ans: 1 5. CC AUG ‘22 [22] Ans: 2 6. CC JAN ‘18 [27] ଵ଼ + ଵ଺ = ଵ௧್  24𝑡௕ ቂ18 + 16 = 1𝑡𝑏ቃ  3𝑡௕ + 4𝑡௕ = 24  7𝑡௕ = 24  𝑡௕ = ଶସ଻ ≈ 3.4  

7. CC JAN ‘20 [37] 𝑛(0) = ଵହ + ଵ଼ଵହ = 1.4;  𝑎(0) = ଽଷ = 3;  the antibiotic has a greater amount at 𝑡 = 0. ௧ ା ଵ௧ ା ହ + ଵ଼௧మ ା ଼௧ ା ଵହ = ଽ௧ ା ଷ  (𝑡 + 3)(𝑡 + 5) ቂ𝑡 + 1𝑡 + 5 + 18𝑡2 + 8𝑡 + 15 = 9𝑡 + 3ቃ (𝑡 + 3)(𝑡 + 1) + 18 = 9(𝑡 + 5)  𝑡ଶ + 4𝑡 + 3 + 18 = 9𝑡 + 45  𝑡ଶ − 5𝑡 − 24 = 0  (𝑡 − 8)(𝑡 + 3) = 0;  (reject 𝑡 = −3) drugs have the same amount at 𝑡 = 8 hours. 
8.8 Graphs of Rational Functions There are no Regents exam questions on this topic.    
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Chapter 9. Exponential Functions 

9.1 Solve Simple Exponential Equations 1. CC JAN ‘23 [26] 𝑎௫ାଵ = 𝑎మయ  𝑥 + 1 = ଶଷ  𝑥 = −ଵଷ  
9.2 Rewrite Exponential Expressions 1. CC AUG ‘17 [10] Ans: 3 2. CC JAN ‘18 [8] Ans: 4 3. CC AUG ‘22 [24] Ans: 1 
9.3 Graphs of Exponential Functions 1. CC JUN ‘18 [2] Ans: 2 2. CC JUN ‘19 [6] Ans: 3 3. CC JUN ‘19 [20] Ans: 1 4. CC JUN ‘22 [5] Ans: 3 5. CC AUG ‘22 [14] Ans: 3 6. CC JUN ‘17 [29] 

 

7. CC JAN ‘20 [27] 𝑞(𝑥) is a translation of 𝑝(𝑥) by 3 units to the right and 4 units up. 8. CC JAN ‘23 [35] 

 As 𝑥 → ∞, 𝑐(𝑥) → −∞  As 𝑥 → −∞, 𝑐(𝑥) → 2  
9.4 Exponential Regression 1. CC JAN ‘17 [13] Ans: 3 2. CC JUN ‘18 [4] Ans: 2 3. CC JUN ‘23 [14] Ans: 3 

4. CC JAN ‘18 [26] 𝐷 = 1.223(2.652)஺  5. CC JUN ‘22 [32] 𝐹(𝑡) = 169.136(0.971)௧  
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6. CC JAN ‘23 [29] 𝑦 = 2.459(1.616)௫  
9.5 Exponential Growth or Decay 1. CC JUN ‘16 [15] Ans: 4 2. CC AUG ‘16 [13] Ans: 1 3. CC JAN ‘17 [2] Ans: 1 4. CC JAN ‘18 [5] Ans: 4 5. CC JAN ‘18 [23] Ans: 4 6. CC JAN ‘19 [20] Ans: 3 7. CC AUG ‘19 [3] Ans: 1 8. CC JAN ‘20 [2] Ans: 3 9. CC JUN ‘22 [11] Ans: 2 10. CC AUG ‘22 [11] Ans: 1 11. CC JAN ‘23 [3] Ans: 4 12. CC JAN ‘23 [4] Ans: 2 13. CC AUG ‘23 [9] Ans: 1 14. CC AUG ‘23 [14] Ans: 3 

15. CC FALL ‘15 [17]  𝐴(𝑡) = 100(0.5) ೟లయ  
t is time in years, and 𝐴(𝑡) is the amount of titanium-44 left after t years. ஺(ଵ଴) ି ஺(଴)ଵ଴ ି ଴  = ଼ଽ.ହ଼ଵଷଶ ି ଵ଴଴ଵ଴  =−1.041868   The estimated mass at 𝑡 = 40 is  100 − 40(−1.041868) ≈ 58.3.   The actual mass is  𝐴(40) = 100(0.5)రబలయ ≈ 64.3976. The estimated mass is less than the actual mass. 16. CC JAN ‘20 [31] 𝐵(𝑡) = 100(2) ೟యబ  

9.6 Rate Conversion 1. CC SPR ‘15 [4] Ans: 2 2. CC JUN ‘16 [21] Ans: 3 3. CC JUN ‘17 [13] Ans: 3 4. CC JUN ‘18 [23] Ans: 4 5. CC AUG ‘18 [8] Ans: 2 6. CC JAN ‘19 [6] Ans: 3 

7. CC JUN ‘19 [24] Ans: 4 8. CC AUG ‘19 [24] Ans: 1  9. CC JUN ‘22 [24] Ans: 1 10. CC JAN ‘23 [23] Ans: 1 11. CC AUG ‘23 [11] Ans: 2 12. CC JAN ’24 [24] Ans: 1 
9.7 Continuous Growth or Decay 1. CC JUN ‘17 [18] Ans: 2 2. CC JAN ’24 [15] Ans: 4 3. CC AUG ‘19 [33] 𝑁(𝑡) = 950𝑒଴.଴ସ଻ହ௧;  the base of 𝑒 is used for continuous growth;  36 hours = 1.5 days;  𝑁(1.5) ≈ 1020. 

4. CC JUN ‘23 [27] 𝑃(𝑡) is increasing; 𝑟 = 0.0532 > 0; as long as 𝑟 > 0, then 𝑒௥ > 1 and the function is increasing. 
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Chapter 10. Logarithms 

10.1 General and Common Logarithms 1. CC JAN ‘17 [15] Ans: 3 2. CC JAN ’24 [4] Ans: 3 
10.2 Graphs of Log Functions 1. CC JUN ‘16 [18] Ans: 1 2. CC JUN ‘18 [19] Ans: 4 3. CC AUG ‘18 [16] Ans: 2 4. CC JAN ‘19 [2] Ans: 1 5. CC JUN ‘22 [15] Ans: 4 6. CC AUG ‘22 [7] Ans: 4 7. CC JUN ‘23 [8] Ans: 1 8. CC AUG ‘16 [30] 0 = logଵ଴(𝑥 − 4)  10଴ = 𝑥 − 4  1 = 𝑥 − 4  𝑥 = 5  The x-intercept of ℎ(𝑥) is (2,0). 

f has the larger value. 9. CC JUN ‘17 [35] 

 as 𝑥 → −3,𝑦 → −∞, and  as 𝑥 → ∞,𝑦 → ∞. 10. CC JAN ‘19 [32] 

 

11. CC JUN ‘19 [27] 

 12. CC JAN ‘20 [34] 

 Domain is (−∞, 2);   asymptote is 𝑥 = 2. 13. CC AUG ‘23 [33] 

 As 𝑥 → −3,𝑦 → ∞; As 𝑥 → ∞,𝑦 → −∞ 
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10.3 Properties of Logarithms There are no Regents exam questions on this topic. 
10.4 Use Logarithms to Solve Equations 1. CC JUN ‘18 [14] Ans: 1 2. CC JAN ‘20 [9] Ans: 4 3. CC AUG ‘23 [6] Ans: 1 4. CC AUG ‘23 [17] Ans: 1 5. CC AUG ‘16 [34] 7 = 20(0.5) ೟ఴ.బమ  0.35 = (0.5) ೟ఴ.బమ  log 0.35 = ௧ ୪୭୥଴.ହ଼.଴ଶ   𝑡 = ଼.଴ଶ ୪୭୥଴.ଷହ୪୭୥଴.ହ  ≈ 12 6. CC JUN ‘17 [37] (a)  100 = 140 ቀଵଶቁఱ೓ (b)  log ቀଵ଴଴ଵସ଴ቁ = log ቀଵଶቁఱ೓ log ହ଻ = ହ௛ log ଵଶ  ℎ = ହ ୪୭୥భమ୪୭୥ఱళ  ≈ 10.3002  

(c)  40 = 140 ቀଵଶቁ ೟భబ.యబబమ  log ଶ଻ = log ቀଵଶቁ ೟భబ.యబబమ  log ଶ଻ = ௧ ୪୭୥భమଵ଴.ଷ଴଴ଶ 
𝑡 = ଵ଴.ଷ଴଴ଶ ୪୭୥మళ୪୭୥భమ  ≈ 18.6   7. CC AUG ‘17 [36] (a)  𝑦 = 4.168(3.981)௫ (b)  100 = 4.168(3.981)௫  log ଵ଴଴ସ.ଵ଺଼ = 𝑥 log 3.981  𝑥 = ୪୭୥ భబబర.భలఴ୪୭୥ଷ.ଽ଼ଵ ≈ 2.25   

8. CC AUG ‘17 [37] 

 28482.698(0.684)௧ =22151.327(0.778)௧  ଶ଼ସ଼ଶ.଺ଽ଼ଶଶଵହଵ.ଷଶ଻ = ቀ଴.଻଻଼଴.଺଼ସቁ௧   log ଶ଼ସ଼ଶ.଺ଽ଼ଶଶଵହଵ.ଷଶ଻ = 𝑡 log ቀ଴.଻଻଼଴.଺଼ସቁ  𝑉(𝑡) = 𝑍(𝑡) when 𝑡 ≈ 1.95. At 1.95 years, the value of the car equals the loan balance.  Zach can cancel the policy after 6 years because at that point the value of the car is less than $3,000. 9. CC JUN ‘19 [34] 𝑠(𝑡) = 200(0.5) ೟భఱ  ଵଵ଴ = (0.5) ೟భఱ  log ଵଵ଴ = log(0.5) ೟భఱ  −1 = ௧ଵହ log(0.5)  𝑡 = − ଵହ୪୭୥(଴.ହ) ≈ 50  10. CC JAN ‘20 [36] 𝑦 = 101.523(0.883)௫;  29 = 101.523(0.883)௫  . 28565 = (0.883)௫  log(.28565) = 𝑥 log(0.883)  𝑥 ≈ 10.07 km 
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11. CC AUG ‘22 [33] a) 𝑝(𝑡) = 11,000(2) ೟మబ  b) 1,000,000 = 11,000(2) ೟మబ ଵ଴଴଴ଵଵ = 2 ೟మబ  log ቀଵ଴଴଴ଵଵ ቁ = log 2 ೟మబ  log ቀଵ଴଴଴ଵଵ ቁ = ௧ଶ଴ log 2  𝑡 = ଶ଴ ୪୭୥ቀభబబబభభ ቁ୪୭୥ଶ ≈ 130.13  

12. CC JAN ‘23 [37] 𝑇 = (400 − 75)𝑒ି଴.଴଻ଷହ௧ + 75;  325𝑒ି଴.଴଻ଷହ(ହ) + 75 ≈ 300;  270 = (450 − 75)𝑒ି଼௥ + 75  0.52 = 𝑒ି଼௥  ln 0.52 = ln 𝑒ି଼௥  ln 0.52 = −8𝑟  𝑟 ≈ 0.0817; 325𝑒ି଴.଴଻ଷହ௧ + 75 = 375𝑒ି଴.଴଼ଵ଻௧ + 75  𝑒ି଴.଴଻ଷହ௧ = ଷ଻ହଷଶହ 𝑒ି଴.଴଼ଵ଻௧  ln 𝑒ି଴.଴଻ଷହ௧ = ln ଷ଻ହଷଶହ + ln 𝑒ି଴.଴଼ଵ଻௧  −0.0735𝑡 = ln ଷ଻ହଷଶହ − 0.0817𝑡  0.0082𝑡 = ln ଷ଻ହଷଶହ  𝑡 ≈ 17  
10.5 Natural Logarithms 1. CC JAN ‘17 [23] Ans: 1 2. CC JUN ‘17 [2] Ans: 1 3. CC JAN ‘18 [13] Ans: 3 4. CC JUN ‘18 [18] Ans: 1 5. CC AUG ‘18 [1] Ans: 4 6. CC AUG ‘18 [19] Ans: 3 7. CC AUG ‘19 [18] Ans: 4 8. CC JUN ‘22 [7] Ans: 1 9. CC AUG ‘22 [9] Ans: 4 10. CC JAN ‘23 [2] Ans: 2 11. CC JUN ‘23 [15] Ans: 3 12. CC FALL ‘15 [13] (a) 100 = 325 + (68 − 325)𝑒ିଶ௞   −225 = −257𝑒ିଶ௞   ln ଶଶହଶହ଻ = −2𝑘  𝑘 = ୪୬మమఱమఱళିଶ  ≈ 0.066  (b)  𝑇(7) = 325 − 257𝑒ି଴.଴଺଺(଻) ≈ 163  13. CC JUN ‘16 [32] 135,000 = 100,000𝑒ହ௥  1.35 = 𝑒ହ௥  ln 1.35 = 5𝑟  𝑟 = ୪୬ ଵ.ଷହହ  ≈ 0.06 or 6% 

14. CC JUN ‘16 [37] (a) 𝐴(𝑡) = 800𝑒ି଴.ଷସ଻௧  𝐵(𝑡) = 400𝑒ି଴.ଶଷଵ௧  

 (b)  800𝑒ି଴.ଷସ଻௧ = 400𝑒ି଴.ଶଷଵ௧  ଼଴଴ସ଴଴ = ௘షబ.మయభ೟௘షబ.యరళ೟ 2 = 𝑒଴.ଵଵ଺௧  ln 2 = 0.116𝑡  𝑡 ≈ 6  (c) 0.15 = 𝑒ି଴.ଷସ଻௧  ln 0.15 = ln 𝑒ି଴.ଷସ଻௧  ln 0.15 = −0.347𝑡  𝑡 = ୪୬ ଴.ଵହି଴.ଷସ଻ ≈ 5.5  15. CC JAN ‘17 [28] ୪୬భమଵହଽ଴ is negative, so 𝑀(𝑡) represents decay. 
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16. CC JAN ‘18 [29] 20𝑒଴.଴ହ௧ = 30𝑒଴.଴ଷ௧  ଶଷ 𝑒଴.଴ହ௧ = 𝑒଴.଴ଷ௧  ଶଷ = ௘బ.బయ೟௘బ.బఱ೟  ଶଷ = 𝑒ି଴.଴ଶ௧  ln ଶଷ = −0.02𝑡  𝑡 = ୪୬మయି଴.଴ଶ ≈ 20.3 months 

17. CC JUN ‘23 [30] 𝑒଴.ସଽ௫ = 7.5  ln 𝑒଴.ସଽ௫ = ln 7.5  0.49𝑥 = ln 7.5  𝑥 = ୪୬ ଻.ହ଴.ସଽ ≈ 4.112  
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Chapter 11. Financial Applications 

11.1 Periodic Compound Interest 1. CC AUG ‘16 [22] Ans: 4 2. CC AUG ‘19 [17] Ans: 4 3. CC JAN ‘20 [4] Ans: 1 4. CC AUG ‘16 [37] (a)  𝐴(𝑛) = 5,000(1.045)௡ 𝐵(𝑛) = 5,000 ቀ1 + ଴.଴ସ଺ସ ቁସ௡ (b)  𝐵(6)− 𝐴(6) ≈ 6578.87 − 6511.30 ≈ 67.57  10,000 = 5,000 ቀ1 + ଴.଴ସ଺ସ ቁସ௡ (c)  2 = 1.0115ସ௡  log 2 = 4𝑛 log 1.0115  𝑛 = ୪୭୥ ଶସ ୪୭୥ଵ.଴ଵଵହ ≈ 15.2 yrs  5. CC JUN ‘18 [35] 𝐶(𝑡) = 63,000 ቀ1 + ଴.଴ଶହହଵଶ ቁଵଶ௧ 63,000  ቀ1 + ଴.଴ଶହହଵଶ ቁଵଶ௧ = 100,000 (1.002125)ଵଶ௧ = ଵ଴଴଺ଷ   12𝑡 log(1.002125) = log ଵ଴଴଺ଷ   𝑡 = ୪୭୥భబబలయଵଶ ୪୭୥ଵ.଴଴ଶଵଶହ ≈ 18.14  

6. CC JAN ‘19 [37] (a)  𝐴(𝑡) = 318,000(1.07)௧  (b) 

         (c) 1,000,000 = 318,000(1.07)௧  ଵ଴଴଴ଷଵ଼ = 1.07௧   log ଵ଴଴଴ଷଵ଼ = 𝑡 log 1.07  𝑡 = ୪୭୥భబబబయభఴ୪୭୥ଵ.଴଻ ≈ 17 yrs (c) The graph nearly intersects the point (17,1000000)  

11.2 Continuous Compound Interest 1. CC JAN ‘18 [10] Ans: 1 2. CC JAN ‘19 [18] Ans: 4 3. CC JUN ‘19 [17] Ans: 2 4. CC AUG ‘18 [35] 2 = 𝑒଴.଴ଷ଻ହ௧  ln 2 = 0.0375𝑡  𝑡 = ୪୬ ଶ଴.଴ଷ଻ହ ≈ 18.5  

5. CC AUG ‘23 [37] 𝐴(𝑡) = 8000 ቀ1 + ଴.଴ସଶସ ቁସ௧  𝐵(𝑡) = 8000𝑒଴.଴ଷଽ௧  𝐴(18) ≈ 16,970.900  𝐵(18) ≈ 16,142.274  𝐴(18)− 𝐵(18) ≈ 828.63  24,000 = 8000𝑒଴.଴ଷଽ௧  ln 3 = ln 𝑒଴.଴ଷଽ௧  ln 3 = 0.039𝑡  𝑡 = ୪୬ ଷ଴.଴ଷଽ ≈ 28.2  
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11.3 Regular Contributions 1. CC JUN ‘17 [24] Ans: 2 2. CC JUN ‘23 [24] Ans: 2 3. CC JAN ’24 [23] Ans: 4 
11.4 Evaluate Loan Formulas 1. CC JUN ‘22 [9] Ans: 3 2. CC AUG ‘23 [16] Ans: 4 3. CC JAN ’24 [20] Ans: 2 4. CC SPR ‘15 [9] 720 = ଵଶ଴,଴଴଴ቀబ.బరఴభమ ቁቀଵ ା బ.బరఴభమ ቁ೙ቀଵ ା బ.బరఴభమ ቁ೙ ି ଵ  720 = ସ଼଴(ଵ.଴଴ସ)೙(ଵ.଴଴ସ)೙ ି ଵ 1.5 = (ଵ.଴଴ସ)೙(ଵ.଴଴ସ)೙ ି ଵ 1.5(1.004)௡ − 1.5 = (1.004)௡  0.5(1.004)௡ = 1.5  1.004௡ = 3  𝑛 log 1.004 = log 3  𝑛 = ୪୭୥ଷ୪୭୥ଵ.଴଴ସ ≈ 275.2 months ଶ଻ହ.ଶଵଶ  ≈ 23 years 

5. CC JAN ‘17 [36] (a) 20,000 = 𝑃𝑀𝑇 ቀଵିଵ.଴଴଺ଶହషలబ଴.଴଴଺ଶହ ቁ  𝑃𝑀𝑇 = 20,000 ቀ ଴.଴଴଺ଶହଵିଵ.଴଴଺ଶହషలబቁ 𝑃𝑀𝑇 ≈ $ 400.76  (b) 21,000 − 𝑥 = 300 ቀଵିଵ.଴଴଺ଶହషలబ଴.଴଴଺ଶହ ቁ  𝑥 = −300 ቀଵିଵ.଴଴଺ଶହషలబ଴.଴଴଺ଶହ ቁ +21,000  𝑥 ≈ $ 6,028  6. CC JUN ‘17 [34] 𝑁 = 12 × 15 = 180  (a) 𝑀 = 172,600 ∙ ଴.଴଴ଷ଴ହ(ଵ.଴଴ଷ଴ହ)భఴబଵ.଴଴ଷ଴ହభఴబ ି ଵ   𝑀 ≈ $ 1,247  (b) 1100 = (172,600 − 𝑥) ∙ ଴.଴଴ଷ଴ହ(ଵ.଴଴ଷ଴ହ)భఴబଵ.଴଴ଷ଴ହభఴబ ି ଵ   1100 ቀ ଵ.଴଴ଷ଴ହభఴబ ି ଵ଴.଴଴ଷ଴ହ(ଵ.଴଴ଷ଴ହ)భఴబቁ = 172,600 − 𝑥  𝑥 = −1100 ቀ ଵ.଴଴ଷ଴ହభఴబ ି ଵ଴.଴଴ଷ଴ହ(ଵ.଴଴ଷ଴ହ)భఴబቁ +172,600  𝑥 ≈ $ 20,407  7. CC JUN ‘18 [31]  𝑀 = ଵଷ଻,ଶହ଴ቀబ.బయలభమ ቁቀଵ ା బ.బయలభమ ቁయలబቀଵ ା బ.బయలభమ ቁయలబ ି ଵ  ≈ $624    
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Chapter 12. Trigonometric Functions 

12.1 Trigonometric Ratios There are no Regents exam questions on this topic. 
12.2 Radians There are no Regents exam questions on this topic. 
12.3 Unit Circle 1. CC AUG ‘16 [16] Ans: 1 2. CC AUG ‘17 [7] Ans: 4 3. CC JAN ‘18 [15] Ans: 1 4. CC JUN ‘22 [19] Ans: 2 5. CC AUG ‘22 [5] Ans: 4 

6. CC JAN ‘17 [27] csc𝜃 = ଵୱ୧୬ఏ, and sin𝜃 on a unit circle represents the y value of a point on the unit circle.   Since 𝑦 = sin𝜃. csc𝜃 = ଵ௬. 7. CC JAN ‘23 [32] 𝜋 < 𝜃 < 2𝜋 in Quadrants III and IV. cos 𝜃 is positive in Quadrants I and IV. Therefore, 𝜃 must be in Quadrant IV. tan𝜃 is negative in Quadrant IV. 
12.4 Solve Simple Trigonometric Equations There are no Regents exam questions on this topic. 
12.5 Circles of Any Radius 1. CC SPR ‘15 [3] Ans: 1 2. CC JUN ‘16 [17] Ans: 1 3. CC AUG ‘19 [5] Ans: 1 4. CC JAN ‘23 [20] Ans: 3 5. CC JUN ‘23 [4] Ans: 2 6. CC AUG ‘23 [12] Ans: 3 7. CC JAN ’24 [21] Ans: 1 

8. CC JUN ‘18 [32] 𝑟 = √2ଶ + 1ଶ = √5  sin𝜃 = ௬௥ = − ଵ√ହ  9. CC JUN ‘19 [28] 𝑟 = √7ଶ + 24ଶ = √625 =25  cos 𝜃 = −௫௥ = −ଶସଶହ  
12.6 Pythagorean Identity 1. CC JAN ‘17 [4] Ans: 1 2. CC JUN ‘17 [12] Ans: 2 3. CC AUG ‘18 [11] Ans: 2 
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4. CC AUG ‘16 [28] sinଶ 𝜃 + (−0.7)ଶ = 1  sinଶ 𝜃 = 0.51  sin𝜃 = ±√0.51  Since 𝜃 is in Quadrant II, sin𝜃 = √0.51 and tan𝜃 = ୱ୧୬ఏୡ୭ୱఏ = √଴.ହଵି଴.଻ ≈ −1.02  
5. CC JAN ‘19 [31] sinଶ 𝜃 + cosଶ 𝜃 = 1  ቀସ଻ቁଶ + 𝑡ଶ = 1  ଵ଺ସଽ + 𝑡ଶ = 1  𝑡ଶ = ଷଷସଽ  𝑡 = ± √ଷଷ଻   Since 𝜃 is in Quadrant II, 𝑡 = −√ଷଷ଻   

12.7 Simplify Trigonometric Expressions 1. CC AUG ‘22 [29] cot𝐴 = ୡ୭ୱ஺ୱ୧୬஺  −3 = య√భబୱ୧୬஺   sin𝐴 = య√భబିଷ   sin𝐴 = ቀ ଷ√ଵ଴ቁ ቀ− ଵଷቁ = − ଵ√ଵ଴ or −√ଵ଴ଵ଴  
12.8 Graphs of Parent Trig Functions 1. CC JAN ‘20 [16] Ans: 4 
12.9 Trigonometric Transformations 1. CC FALL ‘15 [6] Ans: 4 2. CC JAN ‘17 [1] Ans: 2 3. CC JAN ‘17 [22] Ans: 3 4. CC JUN ‘17 [6] Ans: 4 5. CC JUN ‘17 [8] Ans: 1 6. CC AUG ‘17 [5] Ans: 3 7. CC AUG ‘17 [18] Ans: 4 8. CC AUG ‘18 [20] Ans: 1 

9. CC JAN ‘19 [13] Ans: 1 10. CC JUN ‘22 [22] Ans: 2 11. CC AUG ‘22 [3] Ans: 2 12. CC AUG ‘22 [20] Ans: 4 13. CC JAN ‘18 [30] 
q has the smaller minimum value for the domain [−2,2].   
h’s minimum is 2(−1) + 1 = −1 and q’s minimum is −8.   
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12.10 Graph Trigonometric Functions 1. CC JUN ‘16 [28] 

 2. CC AUG ‘17 [35]  

 Part a sketch is shifted గଷ units right. 3. CC AUG ‘18 [30]  

 

4. CC AUG ‘19 [34] 𝑦 = 2 sin 4𝑥  

 5. CC JUN ‘22 [31] 

 6. CC AUG ‘23 [28] 
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7. CC JAN ’24 [36] 𝑦 = 3 sin 2𝑥 + 2  

 0 < 𝑥 < గସ  or  ଷగସ < 𝑥 < 𝜋 
12.11 Model Trigonometric Functions 1. CC JUN ‘16 [13] Ans: 3 2. CC JUN ‘16 [24] Ans: 4 3. CC AUG ‘16 [10] Ans: 2 4. CC JUN ‘17 [15] Ans: 4 5. CC JAN ‘18 [4] Ans: 2 6. CC JUN ‘18 [10] Ans: 4 7. CC AUG ‘18 [22] Ans: 2 8. CC JAN ‘19 [7] Ans: 1 9. CC JUN ‘19 [22] Ans: 3 10. CC AUG ‘19 [12] Ans: 4 11. CC JUN ‘22 [20] Ans: 4 12. CC JAN ‘23 [13] Ans: 2 13. CC JUN ‘23 [5] Ans: 2 

14. CC SPR ‘15 [14] Since the water level has a minimum of –12 and a maximum of 12, the amplitude is 12.  The value of A is –12 since at 8:30 it is low tide.  The time from low to high tide is 6.5 hours, so the period of the function is 13 hours.  ଶగ஻ =13, so 𝐵 = ଶగଵଷ.   So, 𝑓(𝑡) = −12 cos ቀଶగଵଷ 𝑡ቁ. 

 Since the function is increasing from 𝑡 =13 to 𝑡 = 19.5 (which corresponds to 9:30 pm to 4:00 am), fishing at 10:30 pm is recommended. 15. CC AUG ‘16 [25]   Amplitude, because the height of the graph shows the volume of the air. 16. CC JUN ‘17 [28]  Period is ଶଷ.  The wheel rotates once every ଶଷ second. 
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17. CC JAN ‘18 [37]  

 The period of P is ଶଷ, which means the patient’s blood pressure reaches a high every ଶଷ second and a low every ଶଷ second.  The patient’s blood pressure is high because 144 over 96 is greater than 120 over 80. 18. CC JUN ‘19 [37] Period is ଶగ଴.଼గ = 2.5.   This means the wheel rotates once every 2.5 seconds. 

 No, because the maximum of  𝑓(𝑡) = 26. 

19. CC AUG ‘19 [28] 250(1)+ 2450 = 2700.   The maximum lung capacity of a person is 2700 mL. 20. CC AUG ‘19 [30] ଵ଴.ଵାଶଶ = 6.05;  ଶ.ହା଴.ଵଶ = 1.3;   6.05 − 1.3 = 4.75  21. CC JAN ‘20 [30] The period for A is  2(340 − 60) = 560; for B, it is 2(400 −180) = 440; and for C, it is 2(380 −60) = 640.  Therefore, C’s period is the longest.  22. CC JUN ‘23 [37] 𝑁(𝑡) = 400 sin ቀଶగହ 𝑡ቁ + 2400  

 4 times 
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Chapter 13. Properties of Functions 

13.1 Compare Functions 1. CC JAN ‘17 [19] Ans: 2 2. CC JUN ‘23 [9] Ans: 4 3. CC AUG ‘23 [10] Ans: 4 
13.2 Even and Odd Functions 1. CC FALL ‘15 [2] Ans: 3 2. CC AUG ‘16 [14] Ans: 1 3. CC JUN ‘18 [6] Ans: 2 

4. CC AUG ‘19 [11] Ans: 2 5. CC JUN ‘23 [18] Ans: 1 6. CC AUG ‘23 [23] Ans: 2 
13.3 Algebraically Determine Even or Odd [CC] 1. CC AUG ‘17 [31] 𝑗(−𝑥) = (−𝑥)ସ − 3(−𝑥)ଶ − 4 = 𝑥ସ − 3𝑥ଶ − 4  Since 𝑗(𝑥) = 𝑗(−𝑥), the function is even. 
13.4 Inverse Functions 1. CC JUN ‘16 [16] Ans: 2 2. CC JAN ‘17 [8] Ans: 3 3. CC AUG ‘17 [14] Ans: 2 4. CC JAN ‘18 [21] Ans: 2 5. CC JUN ‘18 [15] Ans: 3 6. CC AUG ‘18 [6] Ans: 2 7. CC JAN ‘19 [17] Ans: 3 8. CC JUN ‘19 [9] Ans: 2 9. CC AUG ‘19 [23] Ans: 2 10. CC JUN ‘22 [17] Ans: 3 11. CC AUG ‘22 [23] Ans: 3 

12. CC JAN ‘23 [15] Ans: 3 13. CC JUN ‘23 [21] Ans: 3 14. CC AUG ‘23 [4] Ans: 3 15. CC JAN ’24 [19] Ans: 2 16. CC FALL ‘15 [9] 𝑥 = (𝑦 − 3)ଷ + 1  𝑥 − 1 = (𝑦 − 3)ଷ  √𝑥 − 1య = 𝑦 − 3  √𝑥 − 1య + 3 = 𝑦  𝑓ିଵ(𝑥) = √𝑥 − 1య + 3  
13.5 Average Rate of Change 1. CC JAN ‘17 [21] Ans: 4 2. CC JAN ‘17 [24] Ans: 1 3. CC JUN ‘17 [21] Ans: 3 4. CC AUG ‘17 [9] Ans: 3 5. CC JUN ‘18 [7] Ans: 1 6. CC JUN ‘19 [4] Ans: 1 7. CC AUG ‘19 [22] Ans: 3 

8. CC JAN ‘20 [12] Ans: 1 9. CC JUN ‘22 [12] Ans: 4 10. CC JUN ‘23 [1] Ans: 2 11. CC JUN ‘16 [36] ௙(ସ) ି ௙(ିଶ)ସ ି (ିଶ)  = ଼଴ ି ଵ.ଶହ଺  = 13.125 ௚(ସ) ି ௚(ିଶ)ସ ି (ିଶ)  = ଵ଻ଽ ି (ିସଽ)଺  = 38   𝑔(𝑥) has a greater rate of change 
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12. CC AUG ‘16 [31] ଵହ଺.ଶହ ି ହ଺.ଶହ଻଴ ି ହ଴  = ଵହ଴ଶ଴  = 7.5    Between 50-70 mph, each additional mph in speed requires 7.5 more feet to stop. 13. CC JUN ‘18 [36]  ௛(ଶ) ି ௛(ଵ)ଶ ି ଵ  = −12 Use the calculator’s Calc → zero feature to find where ℎ(𝑡) = 0, or: 12 cos ቀగଷ 𝑡ቁ + 8 = 0  cos ቀగଷ 𝑡ቁ = −ଶଷ  Reference ∡ is cosିଵ ቀଶଷቁ ≈ 0.8411 cos is negative in Q2 and Q3, so  గଷ 𝑡 = 𝜋 − 0.8411 ≈ 2.30 and గଷ 𝑡 = 𝜋 + 0.8411 ≈ 3.98  గଷ 𝑡 = 2.30 gives us 𝑡 = ଷ(ଶ.ଷ଴)గ ≈ 2.2 గଷ 𝑡 = 3.98 gives us 𝑡 = ଷ(ଷ.ଽ଼)గ ≈ 3.8 ℎ(𝑡) = 0 at 𝑡 ≈ {2.2, 3.8}. 14. CC AUG ‘18 [27] ௣(଼) ି ௣(ସ)଼ ି ସ  ≈ 48.78 

15. CC JAN ‘19 [30] ஻(ଵଵ) ି ஻(଼)ଵଵ ି ଼  ≈ −10.1    The average monthly high temperature decreases 10.1 degrees each month from August to November. 16. CC JUN ‘19 [26] ଵଷ.ଽ ି ଽ.ସସ ି ଵ  = 1.5 The average rate of change in the number of hours of daylight from January 1 to April 1 is 1.5. 17. CC AUG ‘22 [25] ଺଴ ି ଶ଴ସ ି ଶ  = 20  18. CC JAN ‘23 [36] ஻(ଵ଴) ି ஻(଺)ଵ଴ ି ଺  ≈ −3.88°/month  The average monthly high temperature decreases about 4° each month from June and October. 19. CC AUG ‘23 [32] ௉(ଵ଴.ହ) ି ௉(଴)ଵ଴.ହ ି ଴  ≈ 10.76 fruit flies/day 20. CC JAN ’24 [27] ௏(଻) ି ௏(ଶ)଻ ି ଶ  ≈ $48/year 
13.6 Solutions to Equation of Two Functions 1. CC AUG ‘16 [3] Ans: 2 2. CC JAN ‘17 [12] Ans: 2 3. CC JAN ‘17 [16] Ans: 2 4. CC JUN ‘17 [5] Ans: 2 5. CC JAN ‘18 [14] Ans: 1 6. CC JAN ‘19 [24] Ans: 4 7. CC JUN ‘19 [14] Ans: 4 8. CC AUG ‘19 [20] Ans: 2 9. CC JAN ‘20 [21] Ans: 2 10. CC AUG ‘22 [10] Ans: 1 11. CC JAN ‘23 [17] Ans: 3 12. CC AUG ‘23 [19] Ans: 2 13. CC JAN ’24 [6] Ans: 3 

14. CC FALL ‘15 [10] {−5.17,−1.13, 1.75}  
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15. CC JUN ‘18 [37] 𝑃(16) = log(16 − 4) ≈ 1.1  

 14000 16. CC AUG ‘19 [32] 

 𝑥 = 3.3  17. CC JUN ‘22 [31] 

 3 solutions 

18. CC AUG ‘22 [37] 

 𝑥 ≈ 35  4.0264 − 2.0812 ≈ 2 min, which is the difference in average wait time for companies with 100 representatives 19. CC JUN ‘23 [36] 𝑃(𝑥) = 500(0.97)௫  𝐹(𝑥) = 200𝑒଴.଴ଶ௫  𝑥 = 18; In 18 years, there will be the same number of palm trees as flamingos. 20. CC JAN ’24 [35] 𝐴(𝑡) = 4000 ቀ1 + ଴.଴ଶସଵଶ ቁଵଶ௧  𝐵(𝑡) = 3500 ቀ1 + ଴.଴ସସ ቁସ௧  8.4 years;  𝐴(𝑡) and 𝐵(𝑡) intersect at 𝑡 ≈ 8.4. 
13.7 Solutions to Inequality of Two Functions [NG] There are no Regents exam questions on this topic.     
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Chapter 14. Sequences and Series 

14.1 Arithmetic Sequences 1. CC JUN ‘17 [20] Ans: 3 2. CC AUG ‘17 [34] ଺.ଶହ ି ଶ.ଶହଶଵ ି ହ  = ସଵ଺ = $0.25 fine per day. 2.25 − 5(0.25) = $1 replacement fee. 𝑎௡ = 1.25 + (𝑛 − 1)(0.25) or 𝑎௡ = 0.25𝑛 + 1.00  𝑎଺଴ = $16  
14.2 Geometric Sequences 1. CC JAN ‘17 [14] Ans: 1 2. CC JAN ‘19 [4] Ans: 2 3. CC JUN ‘19 [10] Ans: 3 4. CC JAN ‘20 [17] Ans: 1 5. CC JAN ’24 [10] Ans: 3 

6. CC AUG ‘17 [30] 𝑎ଵଽ଺଺ = 1.25 and 𝑎ଶ଴ଵହ = 8.75 𝑟ଶ଴ଵହିଵଽ଺଺ = ଼.଻ହଵ.ଶହ  𝑟ସଽ = 7  𝑟 = √7రవ ≈ 1.04  4 % growth 
14.3 Recursively Defines Sequences 1. CC JUN ‘16 [10] Ans: 4 2. CC JUN ‘16 [23] Ans: 3 3. CC AUG ‘16 [8] Ans: 1 4. CC AUG ‘16 [18] Ans: 3 5. CC AUG ‘16 [24] Ans: 4 6. CC AUG ‘17 [24] Ans: 3 7. CC JAN ‘18 [24] Ans: 3 8. CC AUG ‘18 [10] Ans: 4 9. CC JAN ‘19 [16] Ans: 4 10. CC AUG ‘19 [9] Ans: 3 11. CC JAN ‘20 [13] Ans: 4 12. CC JUN ‘22 [21] Ans: 2 13. CC AUG ‘22 [16] Ans: 4 14. CC JAN ‘23 [21] Ans: 2 

15. CC SPR ‘15 [11] 𝑎ଵ = 𝑥 + 1  𝑎ଶ = 𝑥(𝑥 + 1)  𝑎ଷ = 𝑥ଶ(𝑥 + 1)  𝑎௡ = 𝑥௡ିଵ(𝑥 + 1)  𝑥௡ିଵ = 0  or  𝑥 + 1 = 0  𝑥 = {0,−1}  16. CC JAN ‘17 [34] Jillian’s plan, because distance increases by one mile each week. 𝑎ଵ = 10  𝑎௡ = 𝑎௡ିଵ + 1  𝑎௡ = 𝑛 + 12  17. CC AUG ‘17 [29] :  𝑎ଵ = 4  𝑎௡ = 2𝑎௡ିଵ + 1  𝑎଼ = 639  
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18. CC JUN ‘18 [30] 𝑎ଵ = 3,𝑎ଶ = 7,𝑎ଷ = 15,𝑎ସ = 31  No, because there is no common ratio:  ଻ଷ ≠ ଵହ଻   19. CC JUN ‘19 [31] Common ratio is ଽ଺ = 1.5 𝑎ଵ = 6  𝑎௡ = 1.5𝑎௡ିଵ  20. CC AUG ‘19 [31] 𝑎ଵ = 4  𝑎௡ = 3𝑎௡ିଵ  

21. CC JUN ‘22 [37] 1.5%;  𝑃(𝑡) = 92.2(1.015)௧; 300 = 92.2(1.015)௧  ଷ଴଴ଽଶ.ଶ = 1.015௧  log ଷ଴଴ଽଶ.ଶ = 𝑡 log 1.015  𝑡 = ୪୭୥యబబవమ.మ୪୭୥ ଵ.଴ଵହ ≈ 79 years  22. CC JUN ‘23 [29] Common ratio is ଺ଷଵ଼ଽ = ଵଷ 𝑎ଵ = 189  𝑎௡ = ଵଷ 𝑎௡ିଵ  23. CC JAN ’24 [30] 𝑎ଵ = 12  𝑎௡ = 𝑎௡ିଵ + 6  
14.4 Sigma Notation There are no Regents exam questions on this topic. 
14.5 Arithmetic Series There are no Regents exam questions on this topic. 
14.6 Geometric Series 1. CC AUG ‘16 [9] Ans: 1 2. CC AUG ‘17 [21] Ans: 4 3. CC JAN ‘18 [22] Ans: 2 4. CC AUG ‘18 [13] Ans: 1 5. CC JUN ‘19 [5] Ans: 4 6. CC AUG ‘19 [2] Ans: 3 7. CC AUG ‘22 [21] Ans: 1 8. CC JAN ‘23 [6] Ans: 3 9. CC JUN ‘16 [34] 𝑆௡ = ଷଷ,଴଴଴ ି ଷଷ,଴଴଴(ଵ.଴ସ)೙ଵ ି ଵ.଴ସ  𝑆ଵହ = ଷଷ,଴଴଴ ି ଷଷ,଴଴଴(ଵ.଴ସ)భఱଵ ି ଵ.଴ସ  ≈ 660,778.39 10. CC JAN ‘19 [29] 𝑆ଵ଴ = ଵହ ି ଵହ(ଵ.଴ଷ)భబଵ ି ଵ.଴ଷ  ≈ 171.958  

11. CC JAN ‘20 [29] 𝑆௡ = ଷ଴଴ ି ଷ଴଴(ଵ.ଶ)೙ଵ ି ଵ.ଶ  𝑆ଵ଴ = ଷ଴଴ ି ଷ଴଴(ଵ.ଶ)భబଵ ି ଵ.ଶ  ≈ 7787.6 12. CC JAN ‘20 [33] 𝑎௡ = 100(0.8)௡ିଵ  𝑆ଶ଴ = ଵ଴଴ ି ଵ଴଴(଴.଼)మబଵ ି ଴.଼  ≈ 494.2 Sonja has 40 × 12 = 480 in of wire, so she does not have enough 13. CC JUN ‘22 [26] 𝑆ହ = ଺ି ଺(଴.଼)ఱଵ ି ଴.଼  ≈ 20.17    
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Chapter 15. Probability 

15.1 Theoretical and Empirical Probability 1. CC JAN ‘20 [24] Ans: 3 2. CC AUG ‘17 [28] Since there are six flavors, each flavor can be assigned a number, 1-6.  Use the simulation to see the number of times the same number is rolled 4 times in a row.  
15.2 Probability Involving And or Or 1. CC JUN ‘22 [4] Ans: 2 2. CC AUG ‘23 [7] Ans: 4 3. CC JUN ‘16 [29] 𝑃(𝑆 𝑜𝑟 𝑀) = 𝑃(𝑆) + 𝑃(𝑀) −𝑃(𝑆 𝑎𝑛𝑑 𝑀)  ଽ଻ସଵଷ଻଺ = ଺ସଽଵଷ଻଺ + ସଷଷଵଷ଻଺ − 𝑥  𝑥 = ଺ସଽଵଷ଻଺ + ସଷଷଵଷ଻଺ − ଽ଻ସଵଷ଻଺ = ଵ଴଼ଵଷ଻଺  

4. CC AUG ‘19 [25] 𝑃(𝑊 𝑜𝑟 𝐸) = 𝑃(𝑊) + 𝑃(𝐸)−𝑃(𝑊 𝑎𝑛𝑑 𝐸)  𝑃(𝑊 𝑜𝑟 𝐸) = ଵ଺ହ଼ଶହ + ଺଺଼ଶହ − ଷଷ଼ଶହ = ଵଽ଼଼ଶହ  

15.3 Two-Way Frequency Tables 1. CC AUG ‘16 [7] Ans: 1 2. CC JAN ‘20 [11] Ans: 4 3. CC AUG ‘23 [3] Ans: 1 4. CC FALL ‘15 [8] Based on these data, the two events do not appear to be independent.   𝑃(𝐹) = ଵ଴଺ଶ଴଴ = 0.53, while  𝑃(𝐹|𝑇) = ହସଽ଴ = 0.6,  𝑃(𝐹|𝑅) = ଶହ଺ହ = 0.39, and  𝑃(𝐹|𝐶) = ଶ଻ସହ = 0.6. The probability of being female are not the same as the conditional probabilities. This suggests that the events are not independent. 5. CC JAN ‘17 [31] No, because 𝑃(𝑀|𝑅) ≠ 𝑃(𝑀)  ଻଴ଵ଼଴ ≠ ଶଷ଴ସଽ଴             0.38 ≠ 0.47  

6. CC JUN ‘17 [32] A student is more likely to jog if both siblings jog.   one jogs:  ସଵ଺ଶଶଷଽ ≈ 0.19.   both jog:  ସ଴଴ଵ଻଼଴ ≈ 0.22. 7. CC JUN ‘18 [25] ଵ଴ଷଵଵ଴ାଵ଴ଷ = ଵ଴ଷଶଵଷ  8. CC JUN ‘19 [36] 𝑃(𝐹|𝐿) = ଵଶଶ଻;  𝑃(𝐹) = ଶଶସହ;   Since 𝑃(𝐹|𝐿) ≠ 𝑃(𝐹), the events are not independent. 9. CC JUN ‘22 [29] 𝑃(𝑏𝑙|𝑔𝑙) = ଴.ଵସ଴.ଷହ = 0.4;  𝑃(𝑏𝑙) = 0.14 + 0.26 = 0.4; Yes, because 𝑃(𝑏𝑙|𝑔𝑙) = 𝑃(𝑏𝑙) 10. CC AUG ‘22 [31] 𝑃(𝐹|𝐶𝑅) = ଷ଺଻଼ ≈ 0.462;  𝑃(𝐹) = ଵ଴ହଶଵହ ≈ 0.488;  No, because 𝑃(𝐹|𝐶𝑅) ≠ 𝑃(𝐹) 
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11. CC JUN ‘23 [35] ଵଶ଴଴ଵଶ଴଴ ା ଶ଴ଵ଺ ≈ 0.373  Yes, because the probability of selecting a supporter from all donors is the same: ଵ଺଴଴ସଶ଼଼ ≈ 0.373  
12. CC JAN ’24 [33] ସହଵହ଴଴ = 0.03; ଷଵହ = 0.2 Let M = allergic to milk and  

N = allergic to nuts.  No, because 𝑃(𝑀) ≠ 𝑃(𝑀|𝑁). 
15.4 Series of Events [CC] 1. CC JUN ‘16 [11] Ans: 1 2. CC JUN ‘17 [14] Ans: 2 3. CC JUN ‘18 [11] Ans: 4 4. CC AUG ‘18 [18] Ans: 2 5. CC AUG ‘18 [24] Ans: 4 6. CC JAN ‘19 [12] Ans: 2 7. CC AUG ‘19 [13] Ans: 2 8. CC JAN ‘20 [8] Ans: 4 9. CC SPR ‘15 [13] This scenario can be modeled with a Venn Diagram:  

   Since 𝑃(𝑆 𝑜𝑟 𝐼തതതതതതത) = 0.2, 𝑃(𝑆 𝑜𝑟 𝐼) = 0.8.   𝑃(𝑆 𝑎𝑛𝑑 𝐼) = 𝑃(𝑆) + 𝑃(𝐼)− 𝑃(𝑆 𝑜𝑟 𝐼) =0.5 + 0.7 − 0.8 = 0.4    If S and I are independent, 𝑃(𝑆 𝑎𝑛𝑑 𝐼) =𝑃(𝑆) ∙ 𝑃(𝐼).   However, 0.4 ≠ (0.5)(0.7).   Therefore, salary and insurance have not been treated independently. 

10. CC AUG ‘16 [32] 𝑃(𝐴 or 𝐵) = 𝑃(𝐴) + 𝑃(𝐵) − 𝑃(𝐴 and 𝐵)  0.8 = 0.6 + 0.5 − 𝑃(𝐴 and 𝐵)  𝑃(𝐴 and 𝐵) = 0.3   A and B are independent since  𝑃(𝐴 and 𝐵) = 𝑃(𝐴) × 𝑃(𝐵)  0.3 = 0.6 × 0.5  11. CC JAN ‘17 [35] 𝑃(𝑃|𝐾) = ௉(௉ ௔௡ௗ ௄)௉(௄) = ଴.଴ଵଽ଴.଴ଶଷ ≈ 82.6%  A key club member has an 82.6% probability of being enrolled in AP Physics. 12. CC AUG ‘17 [26] 𝑃(𝑊|𝐷) = ௉(ௐ ୟ୬ୢ ஽)௉(஽) = ଴.ସ଴.ହ ≈ 0.8  13. CC JAN ‘18 [34] ସ଻ଵ଴଼ = ଵସ + ଵଵ଺ସହଽ − 𝑃(𝑀 and 𝐽)  𝑃(𝑀 and 𝐽) = ଷଵସହଽ  No, because ଷଵସହଽ ≠ ଵସ × ଵଵ଺ସହଽ  14. CC JAN ‘19 [28] 𝑃(𝐴 𝑎𝑛𝑑 𝐵) = 𝑃(𝐴) ∙ 𝑃(𝐵|𝐴) =(0.8)(0.85) = 0.68  15. CC JAN ‘23 [27] 𝑃(𝐴 ∩ 𝐵) = ଵଷ ∙ ହଵଶ = ହଷ଺     
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Chapter 16. Statistics 

16.1 Data Collection 1. CC JAN ‘17 [6] Ans: 3 2. CC AUG ‘17 [17] Ans: 2 3. CC AUG ‘18 [2] Ans: 2 4. CC JUN ‘19 [1] Ans: 3 5. CC AUG ‘19 [6] Ans: 4 6. CC JAN ‘20 [15] Ans: 3 7. CC JUN ‘22 [16] Ans: 4 8. CC AUG ‘22 [4] Ans: 2 9. CC JAN ‘24 [1] Ans: 3 

10. CC JUN ‘16 [26] Randomly assign participants to two groups.  One group uses the toothpaste with ingredient X and the other group uses the toothpaste without ingredient 
X. 11. CC JAN ‘17 [26] sample: pails of oranges; population: truckload of oranges.  It is likely that about 5% of all the oranges are unsatisfactory. 

16.2 Bias 1. CC AUG ‘16 [2] Ans: 1 2. CC JUN ‘17 [3] Ans: 3 3. CC JAN ‘18 [1] Ans: 4 4. CC JAN ‘19 [10] Ans: 2 5. CC JUN ‘22 [2] Ans: 3 6. CC AUG ‘22 [1] Ans: 3 7. CC JAN ‘23 [14] Ans: 4 8. CC AUG ‘23 [1] Ans: 4 

9. CC JUN ‘18 [28] Self selection is a cause of bias because people with more free time are more likely to respond. 10. CC JUN ‘23 [25] Pick random names from a list of all students and ask them what method of payment they will use. 
16.3 Normal Distribution 1. CC JUN ‘16 [9] Ans: 2 2. CC JAN ‘17 [18] Ans: 4 3. CC JAN ‘19 [1] Ans: 2 4. CC JAN ‘19 [23] Ans: 1 

5. CC JUN ‘19 [18] Ans: 4 6. CC AUG ‘19 [19] Ans: 1 7. CC JUN ‘23 [16] Ans: 2 
16.4 Areas Under Normal Curves 1. CC AUG ‘16 [4] Ans: 3 2. CC AUG ‘17 [11] Ans: 1 3. CC JAN ‘18 [7] Ans: 3 4. CC JUN ‘18 [17] Ans: 2 5. CC JUN ‘22 [14] Ans: 1 6. CC JUN ‘23 [16] Ans: 4 7. CC AUG ‘23 [13] Ans: 2 
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8. CC FALL ‘15 [16] normalcdf(510, 540, 480, 24) ≈ 0.0994. Use z-scores to compare the two sets of data. Joanne’s score range corresponds to 1.25 to 2.5 SD above the mean: 𝑧 = ହଵ଴ିସ଼଴ଶସ = 1.25  𝑧 = ହସ଴ିସ଼଴ଶସ = 2.5 
 Calculating equivalent scores, 1.25 = ௫ିହଵ଴ଶ଴   𝑥 = 535  2.5 = ௫ିହଵ଴ଶ଴   𝑥 = 560  Maria must score in the  interval 535–560. 

9. CC JUN ‘17 [26] normalcdf(0, 8.25, 8, 0.5) ≈ 69% 10. CC AUG ‘18 [28] normalcdf(200, 245, 225, 18) ≈ 0.784 1200 × 0.784 ≈ 941  11. CC AUG ‘22 [30] normalcdf(4, 1𝑒99, 3.39, 0.55) ≈ 0.1337 0.1337 × 9256 ≈ 1237  12. CC JAN ‘23 [28] normalcdf(690, 900, 680, 120) ≈ 43% 13. CC JAN ’24 [29] normalcdf(67, 72, 64.7, 4.3) ≈ 25% 
16.5 Plausible Outcomes 1. CC JUN ‘16 [7] Ans: 3 2. CC JUN ‘17 [10] Ans: 3 3. CC JAN ‘18 [20] Ans: 2 4. CC JUN ‘19 [13] Ans: 2 5. CC JAN ‘20 [14] Ans: 4 6. CC SPR ‘15 [12] a)  Yes.  The margin of error = 2𝑆𝐷 =2(0.062) ≈ 0.124. This indicates that 95% of the observations fall within ±0.124 of 0.247.  So, plausible values would fall into the interval (0.123, 0.371).  9 out of 50, or 0.18, falls within this interval. b)  The company has evidence that the population proportion could be at least 25%.  As seen in the dot plot, it can be expected to obtain a sample proportion of 0.18 or less several times, even when the population proportion is 0.25, due to sampling variability.  The results do not provide enough evidence to suggest that the true proportion is not at least 0.25, so the development of the product should continue. 

7. CC JUN ‘16 [35] 0.602 ± 2(0.066) ≈ (0.47, 0.73)  Since 0.50 falls within the 95% interval, this supports the concern there may be an even split. 8. CC AUG ‘16 [29] Using a 95% level of confidence, 𝜇 ± 2 standard deviations, or 226 ± 2(38), sets the usual wait time as 150 to 302 seconds.  360 seconds is unusual. 9. CC JUN ‘17 [36] 0.506 ± 2(0.078) = (0.35, 0.66)  The 32.5% value falls below (outside of) the 95% interval. 10. CC JAN ‘18 [35] 138.905 ± 2(7.95) = (123, 155)  No, since 125 (50% of 250) falls within the 95% interval. 11. CC AUG ‘18 [32] 2(0.042) ≈ 0.08    The percent of users making in-app purchases will be within 8 percentage points of 35%; that is, between 27% and 43%. 12. CC JAN ‘19 [35] 29.101 ± 2(0.934) = (27.23, 30.97)  Yes, since 30 falls within the 95% interval. 
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13. CC JUN ‘19 [32] 0.499 ± 2(0.049) = (0.401, 0.597)  No, since 0.43 falls within this interval, Robin’s coin is likely not unfair. 14. CC AUG ‘19 [35] 0.301 ± 2(0.058) = (0.185, 0.417)  ଵସ଺଴ ≈ 0.23, which is not unusual because it falls within this interval. 15. CC JUN ‘22 [35] 0.651 ± 2(0.034) = (0.58, 0.72)  No, because ଵଶଶଶ଴଴ = 0.61 falls within this interval. 

16. CC AUG ‘22 [36] 0.819 ± 2(0.053) = (0.713, 0.925)  Because 0.7 does not fall within this interval. 17. CC JAN ‘23 [34] ଵଵ଴ = 0.10; 𝑃(2) = ଵହ = 0.20; No, because 0.10 occurs 21% of the time, which is not unusual. 18. CC JUN ‘23 [32] 0.852 ± 2(0.029) = (0.794, 0.91)  No, because 0.88 falls within this interval. 
16.6 Difference in Means [CC] 1. CC JAN ‘17 [9] Ans: 2 2. CC FALL ‘15 [14] :  a)  The mean difference between the students’ final grades in group 1 and group 2 is –3.64.  This value indicates that students who met with a tutor had a mean final grade of 3.64 points less than students who used an on-line subscription. b) If the observed difference –3.64 is the result of the assignment of students to groups alone, then a difference of –3.64 or less should be observed fairly regularly in the simulation output.  However, a difference of –3 or less occurs in only about 2% of the results.  Therefore, it is quite unlikely that the assignment to groups alone accounts for the difference; rather, it is likely that the difference between the interventions themselves accounts for the difference between the two groups’ mean final grades. 3. CC AUG ‘16 [36] Some of the students who did not drink energy drinks read faster than those who did drink energy drinks.   17.7 − 19.1 = −1.4.  Differences of −1.4 and less occur ଶହଶଷଶ or about 10% of the time, so the difference is not unusual. 

4. CC JUN ‘18 [34] 23 − 18 = 5  𝑥̅ ± 2𝜎 = 0.030 ± 2(1.548) =(−3.066, 3.126)  Yes, 5 is outside of the interval of the middle 95%, so it is statistically significant. 5. CC AUG ‘18 [36] John found the means of the scores of the two rooms and subtracted the means.  The mean score for the classical room was 7 higher than the rap room (82 − 75).  Yes, only 4 of the 250 results (1.6%) had a mean difference of 7 or more, which is less than 5% and therefore statistically significant.  It is likely the difference was due to the music. 6. CC AUG ‘23 [36] 𝑥̅ ± 2𝜎 = 0.01 ± 0.38 = (−0.75, 0.77)  No, since 0.6 falls within the 95% interval. 
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16.7 Estimate Population Parameters 1. CC AUG ‘16 [12] Ans: 2 2. CC AUG ‘17 [16] Ans: 2 3. CC AUG ‘17 [22] Ans: 1 4. CC JAN ‘23 [19] Ans: 4 5. CC JAN ’24 [11] Ans: 2 
6. CC JAN ’24 [18] Ans: 3 7. CC JAN ’24 [32] ସ଻ହଵଶହ଴ = 38%;  About 38% of the high school juniors in the population will choose a four-year college.     


